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JEL classification: We propose a mean-field game (MFG) approach to study the dynamics of spatial agglomeration in
€62 a continuous space-time framework where trade across locations may follow a broad class of static
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gravity models. Forward-looking intertemporal utility-maximizing agents work and migrate in a

EE two-dimensional geography and face idiosyncratic shocks. Equilibrium wages and prices depend
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1. Introduction

Looking back, economic geography has made substantial progress since the seminal core-periphery model of Krugman (1991).
The spatial mobility of factors, labor in particular, remains an important line of research. When migration is modeled endogenously,
it is usually assumed that workers move in order to increase some measure of utility. Yet, although migration decisions are inherently
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\begin {equation*}\frac {1}{2}H[\mu ]'(t) = \pi R \, k^2 \delta _\mu ^2 \, e^{2 \lambda t} \left [ \begin {aligned} &\underbrace {-\nu }_{\text {Idiosyncratic shocks}} \quad \underbrace {+ ({\rho c_0})^{-1}\frac {\delta _V}{\delta _\mu } }_{\text {Myopic adjustment}} \quad \underbrace {- ({\rho c_0})^{-1} {\nu k^2} \beta _2^{-1}}_{\text {Uncertainty}} \quad \underbrace {+({\rho c_0})^{-1} \lambda \beta _2^{-1}}_{\text {Forward-looking expectations}} \end {aligned} \right ]\end {equation*}


$\delta _V / \delta _\mu $


$H[\mu ]'(t)$


$\beta _2>0$


$\delta _V/\delta _\mu >0$


$\delta _V/\delta _\mu $


$H[\mu ]'(t)$


$\nu =0$


$\delta _V/\delta _\mu >0$


$\beta _2>0$


$\lambda >0$


$\delta _V/\delta _\mu >0$


$\delta _V / \delta _\mu $


$\delta _V/\delta _\mu >0$


$\delta _V/\delta _\mu <0$


$\beta _2<0$


$\lambda <0$


$\delta _V / \delta _\mu $


$C^0(X)$


$C(X)$


$X$


$C^n(X)$


$X$


$n$


$\norm {f}_{C^n} := \sum _{|\beta |\le n}\norm {\partial ^\beta f}_\infty $


$C(X,Y)$


$X$


$Y$


$f:X \to Y$


$L>0$


\begin {equation*}d_Y(f(x),f(y)) \leq L\, d_X(x,y), \qquad \forall x,y \in X.\end {equation*}


$C^{\alpha /2,\alpha }$


$f=f(t,x)$


$\partial _t^k \partial _x^\beta f$


$2k+|\beta |\leq \alpha $


\begin {equation*}\norm {f}_{C^{\alpha /2,\alpha }} := \sum _{2k+|\beta |\leq \alpha } \left (\norm {\partial _t^k \partial _x^\beta f}_{\infty } + \sup _{\substack {(t,x)\neq (s,y)}} \frac {\big | \partial _t^k \partial _x^\beta f(t,x) - \partial _t^k \partial _x^\beta f(s,y)\big |}{d((t,x),(s,y))^\alpha }\right ),\end {equation*}


$d((t,x),(s,y)) = \abs {t-s}^\frac {1}{2} + \abs {x-y}$


$\T ^2 := \R ^2/\Z ^2$


$\T ^1_R := \R /(R\Z )$


$R>0$


$\cP (\T ^2)$


$\T ^2$


$p \geq 1$


$(\cP _p(\T ^2), W^p)$


$\mu \in \cP (\T ^2)$


$p$


$p$


\begin {equation*}W^p(\mu ,\nu ) := \left ( \inf _{\pi \in \Gamma (\mu ,\nu )} \int _{\T ^2 \times \T ^2} d(x,y)^p \, d\pi (x,y) \right )^{1/p},\end {equation*}


$\Gamma (\mu ,\nu )$


$\mu $


$\nu $


$d$


$\T ^2$


$(\cP _1,W^1)$


$(\cP _2,W^2)$


$1$


$2$


$\deg _{LS}$


$\Ker $


$\norm {\cdot }_\infty $


$\norm {f}_\infty := \sup _{x \in X} |f(x)|$


$\norm {\cdot }_{\cL (B)}$


$B$


$T \in \cL (E)$


\begin {equation*}\norm {T}_{\cL (E)} := \sup _{\substack {x \in E \\ x \neq 0}} \frac {\norm {Tx}_E}{\norm {x}_E}.\end {equation*}


$\cL (E)$


$E$


$\mathcal {G}(E)$


$E$


$K \subset E$


$K+K \subset K$


$\lambda K \subset K$


$\lambda \ge 0$


$K$


$T$


$E$


$T(K)\subset \inter K$


$\inter K$


$K$


$\mathrm {span}\{v_1,\dots ,v_n\}$


$v_1,\dots ,v_n$


$F$


$DF$


$F'$


$\lambda $


$v$


$f:\R ^d \to \R $


$\nabla f = \left ( \partial _{x_1} f, \dots , \partial _{x_d} f \right )$


$\Delta f = \sum _{i=1}^d \partial ^2_{x_i} f$


$\partial _t f$


$f$


$w$


\begin {equation*}\Xi = \left \{g\in C^1(\T ^2)\;:\;\frac {1}{C_1}\le g(x) \le C_1 \text {, } \norm {g'}_{\infty }\le C_2\text { and } \int g(x)d\mu (x) = 1\right \},\end {equation*}


$C_1$


$C_2$


$C(\T ^2,\R )$


$\Lambda :\Xi \rightarrow \Xi $


$w$


$\Xi $


$f[w](x) = \int _{\T ^2} \frac {\tau (y,x)^{1-\sigma }w(y)}{\int _{\T ^2} (w(z)\tau (y,z))^{1-\sigma }d\mu (z)}d\mu (y)$


$x\in \T ^2$


$\Lambda [w](x) = f[w](x)^\frac {1}{\sigma } / \left (\int _{\T ^2} f[w](y)^\frac {1}{\sigma }d\mu (y)\right ).$


$\Lambda $


$w$


$\Xi $


\begin {equation*}\int _{\T ^2}\Lambda [w](x)d\mu (x) = 1.\end {equation*}


$\Lambda [w]$


$f[w]$


$\tau $


$C_\tau >0$


\begin {equation*}f[w](x) \le C_\tau \frac {\int _{\T ^2}w(y)d\mu (y)}{\int _{\T ^2}w(z)^{1-\sigma }d\mu (z)}.\end {equation*}


$\omega \mapsto \omega ^{1-\sigma }$


$\R ^*_+$


\begin {equation*}f[w](x) \le C_\tau \frac {\int _{\T ^2}w(y)d\mu (y)}{\left (\int _{\T ^2}w(z)d\mu (z)\right )^{1-\sigma }}\end {equation*}


$\int _{\T ^2}w(y)d\mu (y) = 1$


$f(x)\le C_\tau $


$z$


$w(z)^{1-\sigma } \le C_1^{\sigma -1}$


\begin {equation*}\left (\int _{\T ^2} (w(z)\tau (y,z))^{1-\sigma }d\mu (z)\right )^{-1}\ge C_1^{1-\sigma }\left (\int _{\T ^2} (\tau (y,z))^{1-\sigma }d\mu (z)\right )^{-1}.\end {equation*}


$C_\tau '$


$f(x) \ge C_{\tau }'C_1^{1-\sigma }$


$\Lambda [w]$


$f$


\begin {equation*}\left (\frac {C_{\tau }'}{C_\tau }\right )^\frac {1}{\sigma }C_1^{\frac {1}{\sigma }-1} \le \Lambda [w](x)\le \left (\frac {C_\tau }{C'_\tau }\right )^\frac {1}{\sigma }C_1^{1-\frac {1}{\sigma }}.\end {equation*}


$C_1$


\begin {equation*}\frac {1}{C_1}\le \left (\frac {C_{\tau }'}{C_\tau }\right )^\frac {1}{\sigma }C_1^{\frac {1}{\sigma }-1}\text { and }\left (\frac {C_\tau }{C'_\tau }\right )^\frac {1}{\sigma }C_1^{1-\frac {1}{\sigma }}\le C_1.\end {equation*}


$C_1$


$C_\tau /C'_\tau $


$C_1$


$\tau $


$C_1 = C_\tau /C'_\tau $


$\Lambda [w]$


$C^1$


$\Lambda [w]$


\begin {equation*}\Lambda [w]'(x) = \frac {f[w](x)^{\frac {1}{\sigma }-1}}{\sigma \int _{\T ^2}f[w](y)^\frac {1}{\sigma }d\mu (y)}f[w]'(x),\end {equation*}


\begin {equation*}f[w]'(x) = (1-\sigma )\int _{\T ^2} \frac {\tau (y,x)^{-\sigma }w(y)}{\int _{\T ^2} (w(z)\tau (y,z))^{1-\sigma }d\mu (z)}\frac {\partial \tau }{\partial x}(y,x)d\mu (y).\end {equation*}


$f[w]$


$f[w]'$


$\Lambda [w]$


$C^1$


$w$


$\tau $


$\frac {\partial \tau }{\partial x}$


$f[w]$


$C''_\tau $


$\tau $


$\tau $


\begin {equation*}\norm {\Lambda [w]'}_\infty \le C''_\tau .\end {equation*}


$C_2 = C''_\tau $


$\Lambda [w]$


$\Xi $


$\Lambda $


$w$


$\Lambda $


$\Lambda $


\begin {align}\label {proof:static_krugman:1} C\Lambda [w](x)^\sigma = \int _{\T ^2} \frac {\tau (y,x)^{1-\sigma }w(y)}{\int _{\T ^2} (w(z)\tau (y,z))^{1-\sigma }d\mu (z)}d\mu (y),\end {align}


\begin {equation*}C = \left (\int _{\T ^2}f[w](y)^\frac {1}{\sigma }d\mu (y)\right )^\sigma .\end {equation*}


$C=1$


$w(x)^{1-\sigma }$


$\mu $


\begin {align*}C\int _{\T ^2}\Lambda [w](x)^\sigma w(x)^{1-\sigma }d\mu (x)=\int _{\T ^2}\int _{\T ^2} \frac {\tau (y,x)^{1-\sigma }w(y)}{\int _{\T ^2} (w(z)\tau (y,z))^{1-\sigma }d\mu (z)}d\mu (y)w(x)^{1-\sigma }d\mu (x).\end {align*}


\begin {equation*}C\int _{\T ^2}\Lambda [w](x)^\sigma w(x)^{1-\sigma }d\mu (x) = \int _{\T ^2} \frac {\int _{\T ^2}(w(x)\tau (y,x))^{1-\sigma }d\mu (x)}{\int _{\T ^2} (w(z)\tau (y,z))^{1-\sigma }d\mu (z)}w(y)d\mu (y).\end {equation*}


$C=1$


$\Lambda [w] = w$


$\int w d\mu = 1$


$w$


$\Lambda $


$(w_n)$


$\Xi $


$w$


$(w_n)$


$w$


\begin {equation*}\int _{\T ^2}(w_n(z)\tau (z,\cdot ))^{1-\sigma }d\mu (z) \rightarrow \int _{\T ^2}(w(z)\tau (z,\cdot ))^{1-\sigma }d\mu (z)\end {equation*}


$(w_n)$


$w$


$f[w_n]$


$f[w]$


$\Lambda [w_n]$


$\Lambda [w]$


$\Lambda $


$\Xi $


$\Xi $


$C(\T ^2,\R )$


$C_\tau $


$w$


$\Xi $


$w = \Lambda [w]$


$w^0$


\begin {equation*}B = \left \{g\in C^0(\T ^2,\R )\;:\;\frac {1}{C_ 1}\le g \le C_1 \text { and }\int g(x)d\mu (x) = 1\right \}\end {equation*}


$F:B\rightarrow C^0(\T ^2,\R )$


\begin {equation*}F(w) = f[w]^\frac {1}{\sigma }=\left (\int _{\T ^2} \frac {\tau (y,x)^{1-\sigma }w(y)}{\int _{\T ^2} (w(z)\tau (y,z))^{1-\sigma }d\mu (z)}d\mu (y)\right )^\frac {1}{\sigma }.\end {equation*}


$1$


$DF(w^0)$


$DF(w^0)(h) = h$


$h\in \spp \{w^0\}$


$F$


$DF$


$F$


$C^1$


\begin {equation*}DF(w)(h) = \sigma f[w]^{\frac {1-\sigma }{\sigma }}Df[w](h).\end {equation*}


\begin {align*}DF(w)(h) &= \frac {1}{\sigma } f[w]^{\frac {1-\sigma }{\sigma }}\Bigg [\int _{\T ^2} \frac {\tau (y,x)^{1-\sigma }h(y)}{\int _{\T ^2} (w(z)\tau (y,z))^{1-\sigma }d\mu (z)}d\mu (y)\\ &+ (\sigma -1)\int _{\T ^2} \frac {\tau (y,x)^{1-\sigma }w(y)\int _{T^2}(w(z)\tau (y,z))^{1-\sigma }\frac {h(z)}{w(z)}d\mu (z)}{\left (\int _{\T ^2} (w(z)\tau (y,z))^{1-\sigma }d\mu (z)\right )^2}d\mu (y)\Bigg ].\end {align*}


$DF(w_0)$


$C^0$


$\cB $


$(C^0(\T ^2),\norm {.}_\infty )$


$b>0$


$h\in \cB $


$\norm {h}_\infty \le b$


$\tau $


$w$


$h$


$\norm {DF(w)(h)}_\infty $


$\norm {DF(w)(h)'}_\infty $


$\tau ,\; w$


$b$


$DF(w_0)(\cB )$


$(C^0(\T ^2), \norm {.}_\infty )$


$h$


$h$


$\supp \; \mu = \T ^2$


$DF(w_0)(h)> 0$


$h$


$DF(w_0)$


$t$


$tw_0$


$w = F(w)$


$DF(w_0)(w_0) = w_0$


$h\in C^0(\T ^2,\R )$


$DF(w_0)(h) = h$


$h\in \spp \{w_0\}$


$X$


$K\subset X$


$T:X\rightarrow X$


$r(T)$


$v\in \mathring K$


$\abs {\lambda } < r(T)$


$\lambda \ne r(T)$


$i=0,1$


\begin {equation*}\Theta ^i=\left \{g\in C^0(\T ^2,\R )\;:\;\int gd\mu = i\right \}.\end {equation*}


$T:\Theta ^0\rightarrow \Theta ^1$


\begin {equation*}T(u) = u + 1.\end {equation*}


$(\Theta ^0, \norm {.}_\infty )$


$G:T^{-1}(B)\subset \Theta ^0\rightarrow \Theta ^0$


\begin {equation*}G(u) = T(u) - \frac {F(T(u))}{\int _{\T ^2} F(T(u))}d\mu .\end {equation*}


$G$


$\Theta ^0$


\begin {equation*}DG(u)(h) = h - \frac {DF(T(u))(h)}{\int _{\T ^2}F(T(u)) d\mu } + \frac {F(T(u))}{\left (\int _{\T ^2}F(T(u)) d\mu \right )^2}\int DF(T(u))(h)d\mu .\end {equation*}


$u_0$


$T(u_0) = w_0$


$DG(u_0)$


$DF(T(u_0))$


$\int DF(T(u_0))(h)d\mu = 0$


$h$


$w$


\begin {equation*}\int F(w)^\sigma w^{1-\sigma }d\mu = \int wd\mu = 1.\end {equation*}


$w$


$h\in \Theta ^0$


\begin {equation*}\sigma \int F(w)^{\sigma -1}DF(w)(h)w^{1-\sigma } =(\sigma -1)\int F(w)^\sigma w^{-\sigma }hd\mu .\end {equation*}


$w=w_0$


$F(w_0) = w_0$


\begin {equation*}\sigma \int DF(w_0)(h)d\mu = (\sigma -1)\int hd\mu = 0.\end {equation*}


$\int F(T(u_0))d\mu = 1$


\begin {equation*}DG(u_0)(h) = h - DF(T(u_0))(h).\end {equation*}


$DG(u_0)$


$\Theta ^0$


$\mathrm {Ker} DG(u_0)$


$\{0\}$


$h \in \mathrm {Ker} DG(u_0)$


$h = tw_0$


$\int h = 0$


$t=0$


$h = 0$


$DG(u_0)$


$\Theta ^0$


$u_0$


$\Theta ^0$


$F(w) = w$


$\Theta ^1$


$\tau \equiv 1$


$\tau $


$\tau \equiv 1$


$w_0 \equiv 1/\mu (\T ^2)$


$G_1 = 0$


$G$


$\tau $


$u_0 = T^{-1}(w_0)$


\begin {equation*}\deg _{LS}(G_1, T^{-1}(B), 0) = \sum _{a\in G_1^{-1}(0)}(-1)^{\sigma (a)},\end {equation*}


$\sigma (a)$


$DF(T(a))$


$(1, +\infty )$


$u_0$


$DF(T(u_0))$


$C(\T ^2,\R )$


$\sigma (u_0)=0$


\begin {equation*}\deg _{LS}(G_{1}, T^{-1}(B), 0) = 1,\end {equation*}


$B$


$\tau $


$\tau _t = (1-t) + t\tau $


$\tau _t = (1-t) + t\tau $


$t \in [0,1]$


$T^{-1}(B)$


$L^\infty $


$C^1$


$\tau _t$


$\tau $


$C_1$


$C_2$


$B$


$w_t$


$\tau _t$


$1/C_1 < w_t < C_1$


$\|\nabla w_t\| < C_2$


$t \in [0,1]$


$w_t$


$B$


$u_t$


$T^{-1}(B)$


$t\in [0,1]$


\begin {equation*}\deg _{LS}(G_{\tau _t}, T^{-1}(B), 0) = 1.\end {equation*}


$\deg _{LS}$


$w_0$


$DF(w_0)$


$(1,+\infty )$


$G$


$\mu $


$u(\mu ) = T^{-1}(W(\mu ))$


\begin {equation*}G(u,\mu ) = 0.\end {equation*}


$(\Omega , \mathcal A, \bP )$


$\mu $


$\T ^2$


$X$


$\cL (X) = \mu $


$\T ^2$


$(\cP _1(\T ^2),W_1)$


$(\cP _2(\T ^2),W_2)$


$G:(\Theta ^0,\norm {.}_\infty )\times (\cP _2(\T ^2),W_2))\rightarrow (\Theta ^0,\norm {.}_\infty )$


$(\cP _2(\T ^2),W_2))$


$L^2(\Omega , \T ^2)$


\begin {equation*}\tilde {G}:(\Theta ^0,\norm {.}_\infty )\times (L^2(\Omega ,\T ^2),\norm {.}_{L^2})\rightarrow (\Theta ^0,\norm {.}_\infty )\end {equation*}


$(u,X)$


\begin {equation*}\tilde {G}(u,X) = G(u,\cL (X)).\end {equation*}


$(u_0,X_0)$


$\tilde G(u_0,X_0) = 0$


$D_u\tilde G(u_0,X_0)$


$\Theta ^0$


$\tilde G$


$C^1$


$(u_0,X_0)$


$\tilde G$


$(\tilde U(X),X)$


$\tilde U$


$C^1$


\begin {equation*}D_X \tilde U (X) = - D_u \tilde {G}(\tilde U(X),X)^{-1}D_X\tilde {G}(\tilde U(X),X).\end {equation*}


$(\cP _2(\T ^2),W_2)$


$U$


$U(\cL (X)) = \tilde U(X)$


$C^1$


$\mu $


\begin {equation*}D_\mu U (\mu ) = - D_u G( U(\mu ),\mu )^{-1}D_\mu G(U(\mu ),\mu ).\end {equation*}


\begin {equation*}\mathcal K = \left \{(u,\mu )\in C^0(\T ^2)\times \cP (\T ^2)\;:\;G(u,\mu ) = 0, \mu \ge \epsilon ,\; u\ge -1\right \}.\end {equation*}


$G$


$\mathcal {K}$


$\mathcal {K}$


$\mathcal {G}(E)$


$\mathcal {L}(E)$


\begin {equation*}\mathcal {G}(E)\ni A \mapsto A^{-1}\in \mathcal {L}(E)\end {equation*}


$G$


\begin {equation*}\mathcal {K}\ni (u,\mu )\mapsto D_uG(u,\mu )^{-1}\in \cL (E)\end {equation*}


$C>0$


\begin {equation*}\max _{(u,\mu )\in \mathcal K}{\norm {D_uG(u,\mu )^{-1}}}_{\cL (C^0(\T ^2))}\le C<+\infty .\end {equation*}


\begin {equation*}\norm {D_\mu U(\mu )}_{\infty }\le \max _{(u,\mu )\in \mathcal K}{\norm {D_uG(u,\mu )^{-1}}}_{\cL (C^0(\T ^2))}\max _{(u,\mu )\in \mathcal K}\norm {D_\mu G(u,\mu )}_{\infty }=:R< +\infty .\end {equation*}


$U$


$\mathcal {K}$


$\mu $


$\mu $


$C([0,T], \cP _2(\T ^2))$


$W_2$


$C>0$


$s,t\in [0,T]$


\begin {equation*}W_2(\mu (s),\mu (t))\le C\abs {t-s}^\frac {1}{2},\end {equation*}


$w(t)$


$\mu (t)$


$C'$


$s,t\in [0,T]$


\begin {equation*}\norm {w(t) - w(s)}_\infty \le C'\abs {t-s}^\frac {1}{2}.\end {equation*}


\begin {equation*}\norm {w(t) - w(s)}_\infty = \norm {u(t) - u(s)}_\infty = \norm {U(\mu (t)) - U(\mu (s))}_\infty \le R W_2(\mu (t),\mu (s)) \le R C \abs {t-s}^\frac {1}{2}.\end {equation*}


\begin {equation*}\Omega = \left \{\mu \in C^0([0,T],\cP _2(\T ^2))\;:\;\sup _{t\neq s}\frac {W_2(\mu (t),\mu (s))}{\abs {t-s}^\frac {1}{2}}\le C\right \}.\end {equation*}


$C^0([0,T],\cP _2(\T ^2))$


$\Omega $


$\Psi $


$\mu \in \Omega $


$w$


$t$


$w(t)$


$\mu (t)$


$u$


$\Psi [\mu ]$


$\Psi $


$\Psi $


$\mu $


$\Omega $


$w$


$1/2-$


$w$


$\tau $


$w$


$\mu $


$\tilde V(t,x) = V(x,w(t),\mu (t))$


$C^{1/2,1}$


$C$


$\tau $


$s = T - t$


$u\in C^{1,2}$


$\mu $


$u$


$\|\tilde {V}\|_{\infty }$


$\|g(\cdot , w(T), \mu (T))\|_{\infty }$


$\nabla u$


$\|\nabla g(\cdot , w(T), \mu (T))\|_{\infty }, \|\nabla \tilde {V}\|_{\infty }$


$\rho $


$\alpha $


$C'$


$\rho $


$\norm {g(\cdot ,w(T),\mu (T))}_{C^1}$


$\norm {\tilde V}_{C^{1/2,1}}$


\begin {equation*}\norm {\nabla u}_{C^{\alpha }([0,T]\times \T ^2) }\le C'.\end {equation*}


$u$


$\norm {\nabla u}_\infty <+\infty $


$\mu $


$C''$


$\norm {\nabla u}_\infty $


$t,s$


\begin {equation*}W_2(\mu (t),\mu (s))\le C''\abs {t-s}^\frac {1}{2}.\end {equation*}


$C{=}C''$


$\Psi [\Omega ]\subset \Omega $


$\Psi $


$\Psi $


$w$


$\mu $


$\mu _n$


$\mu $


$C([0,T],\cP _2(\T ^2))$


$w_n$


$w$


$\mu _n$


$\mu $


$w_n$


$C([0,T]\times \T ^2,\R _+)$


$\tilde w$


$w_n$


$w_n$


$w_n$


$\tilde w$


$n$


$t$


$G(T^{-1}(w_n(t)),\mu _n(t)) = 0$


$T^{-1}$


$G$


$G(T^{-1}(\tilde w(t)),\mu (t)) = 0$


$\tilde w = w$


$w_n$


$w$


$w$


$\Psi $


$\Psi $


$(\mu _n)$


$\mu $


$\cP _2(\T ^2)$


$\mu $


$u$


$\cP _2(T^2)$


$\mu =\delta _{x^0}$


$\int w\,d\mu =1$


$w(x^0)=1$


\begin {equation*}w(x)^\sigma =\int _{\T ^2}\frac {\tau (y,x)^{1-\sigma }\,w(y)}{\int _{\T ^2}(w(z)\tau (y,z))^{1-\sigma }\,d\mu (z)}\,d\mu (y)\end {equation*}


$y=x^0$


$z=x^0$


${\big (w(x^0)\tau (x^0,x^0)\big )}^{1-\sigma }$


\begin {equation*}w(x)=\left (\frac {\tau (x^0,x^0)}{\tau (x^0,x)}\right )^{\frac {\sigma -1}{\sigma }}.\end {equation*}


$V(\cdot ,w,\mu )$


$x^0$


$V(x^0)=1/\tau (x^0,x^0)$


\begin {align}\label {eq:HJB} -\frac {|\nabla u|^2}{2c_0}+\rho \,u=V(x,\mu ,w)\qquad \text {on }\T ^2.\end {align}


$F(x,r,p):=-\tfrac {|p|^2}{2c_0}+\rho r - V(x,\mu ,w)$


$F$


$r$


$u$


$v$


$u\le v$


$\T ^2$


$M:=\max _{\T ^2}V(\cdot ,\mu ,w)$


$m:=\min _{\T ^2}V(\cdot ,\mu ,w)$


$M = V(x^0)$


$u_-(x):=m/\rho $


$u_+(x):=M/\rho $


$u$


\begin {align}\label {eq:Linf-bounds} \frac {m}{\rho }\ \le \ u(x)\ \le \ \frac {M}{\rho }\qquad \forall x\in \T ^2.\end {align}


$H$


$\T ^2$


$x^0$


\begin {equation*}u(x^0)=\frac {V(x^0)}{\rho },\end {equation*}


$u$


$x_0$


$u$


$x^0$


$u$


$\nabla u(x_n)$


$x_n\to x$


$x_n\to x^0$


$u$


\begin {equation*}\frac {|\nabla u(x_n)|^2}{2c_0}= \rho \,u(x_n)-V(x_n).\end {equation*}


$u$


$V$


$u(x^0)=V(x^0)/\rho $


$0$


$|\nabla u(x_n)|\to 0$


$x^0$
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long-term, models have long assumed that workers were myopic. It was only in 2001 that Baldwin (2001) introduced forward-looking
migration in the core-periphery model, although ultimately only producing a numerical exploration. Ottaviano (2001) is the first work
yielding some analytical results in a forward-looking model of footloose entrepreneurs. Both models, however, remained within the
core—periphery framework. The extension of forward-looking spatial models to a large number of regions came later, in the 2010s. An
important contribution is Mossay (2013), who introduced endogenous forward-looking migration into Krugman (1996)’s racetrack
economy. These theoretical works paved the way for a new generation of quantitative models that now study how forward-looking
behavior affects spatial dynamics (Desmet and Parro, 2025). For instance, Desmet et al. (2018) examine the role of geographic
heterogeneity and migration frictions in development; Caliendo et al. (2019) focus on trade shocks and labor mobility; Kleinman
et al. (2023) analyze the interaction between forward-looking capital accumulation and migration; and Bilal and Rossi-Hansberg
(2023) study how expectations about future extreme climate events affect labor mobility in the United States.

Most of these dynamic models share a two-layer structure. At each point in time, a static equilibrium determines local wages and
prices given the spatial distribution of production factors (labor, capital). Depending on the context, this static layer corresponds to
one of the many trade, regional, or urban models in the literature. On top of this, agents make forward-looking migration decisions.
Their dynamics are governed by a Bellman equation, where individual incentives depend on future wages, prices, and the evolving
spatial distribution of agents. The two layers interact because the instantaneous utility in the Bellman equation depends on wages and
prices computed in the static equilibrium.

Theoretical results for such dynamic models are still scarce, especially regarding the existence of equilibria. Kleinman et al. (2023)
and Bilal and Rossi-Hansberg (2023) linearize their models to obtain closed-form solutions for the transition path following small
shocks around the steady state. Caliendo et al. (2019) do not prove existence and uniqueness in their full framework; instead, they
refer to results from a simpler dynamic model with exogenous prices (Cameron et al., 2007, see also Allen et al., 2024, Online
Appendix A.6, for a similar simplified setting). Yet, proving existence in the general case is important to ensure that the model is
well defined. The linearization approach is certainly useful, as it delivers tractable closed-form solutions, but it has some limitations.
Spatial shocks are not necessarily small and their effects may amplify over time, especially in economies characterized by strong
agglomeration forces. At the same time, recent advances in artificial intelligence applied to optimal control now make it possible to
approximate solutions to dynamic models in high-dimensional settings (Carmona and Lauriere, 2021; Lavigne et al., 2025). These
methods are heuristic, so existence results are important to guarantee that the models being solved are internally consistent. There is
therefore a need for theoretical work on dynamic spatial models, in the same way that Allen et al. (2020) provided the key existence
and uniqueness results for static gravity-type frameworks.!

Certainly, the mathematical structure of dynamic spatial models is more complex, combining a nonlinear integral equation for the
static equilibrium, a backward Bellman equation characterizing individual optimization, and a forward law of motion for migration
flows. When space is continuous, the problem becomes infinite-dimensional. This is why Moll (2025) argues that the standard as-
sumption of rational expectations is conceptually implausible: real-world agents are unlikely to perform the complex forecasts implied
by these models.

In this paper, we set aside this epistemological debate and remain within the standard paradigm. We prove existence of dynamic
equilibria for a broad class of continuous-space trade models with endogenous forward-looking migrations and idiosyncratic random
shocks. We keep the usual two-layer structure of dynamic spatial models: we assume that consumption adjustment is costless and
that migration is costly, so that prices adjust instantaneously whereas migration evolves according to a dynamic adjustment process.
We show that the individuals’ problems can be seen as a mean-field game (MFG) and, as such, our model can be solved using the
tools of this currently flourishing branch of game theory. The very reason of why these individuals’ problems constitute an MFG
is that the (instantaneous) indirect utility from consumption depends on the real wage at each location, which in turn depends on
the whole distribution of agents across space. This is the so-called mean-field interaction term which makes dynamic spatial models
solvable by the MFG methodology. While we use Krugman (1996) trade model as an illustrative example for the static layer, we
show that our results extend to the broader family of spatial models with monopolistic competition (e.g., Helpman, 1998 with local
ownership, Forslid and Ottaviano, 2003; Arkolakis et al., 2008; di Giovanni and Levchenko, 2013; Redding and Rossi-Hansberg, 2017,
Section 3) as well as those with perfect competition (e.g., Armington, 1969; Eaton and Kortum, 2002; Alvarez and Lucas, 2007; Allen
and Arkolakis, 2014; Redding, 2016 with constant returns to scale).

Our methodology could therefore be applied to the recent quantitative literature on forward-looking migrations, such as Caliendo
et al. (2019) or Kleinman et al. (2023). Two differences with these models can be noted. In our setting, migration is local and the
Brownian shock directly affects the agent’s physical position, whereas in theirs agents “jump” directly from one location to another
and randomness enters through preferences. Bridging the two would require extending our framework to allow for non-local moves
and random shocks on preferences, building on recent developments by Bertucci (2020), Dumas and Santambrogio (2024, 2025).

MFGs have been introduced in mathematics about 20 years ago by Huang et al. (2006) and Lasry and Lions (2007). Applications
of MFGs to economics have emerged more recently, notably in the context of heterogeneous-agent macroeconomic models (Achdou
et al., 2022; Bilal, 2023; Alvarez et al., 2023). A specific complexity coming from economic applications is the adjonction of general
equilibrium conditions.? In our context, this means embedding the static spatial equilibrium (trade, urban, or regional) into the
standard MFG equations: Hamilton-Jacobi-Bellman (HJB) and Fokker-Planck (FP).

1 See also Allen and Arkolakis, 2025 for a recent survey on the subject.
2 Of course, the overwhelming part of MFG applications in areas like industrial organisation are in partial equilibrium and do not have this
additional layer. See for example Aydin et al. (2025).
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This is precisely what makes MFG problems in economics mathematically appealing. To establish existence for the dynamic
layer corresponding to the HJB-FP system, one must first have a solid mathematical grasp of the static layer. Not only must the
static equilibrium be well defined (existence and uniqueness), but one also needs sufficient regularity properties to carry through
the existence proof for the MFG. This is exactly what we achieve here. As an intermediate but central result, we prove existence,
uniqueness, and regularity of solutions for an entire class of static spatial models in continuous space. This class includes all the
monopolistic and perfect competition models mentioned above. While analogous results are well established for these models in
discrete settings (see, e.g., Alvarez and Lucas, 2007; Allen et al., 2020; Kucheryavyy et al., 2023), they had not yet been obtained in
continuous space.

Proving such results in continuous space matters for at least two reasons. First, continuous models naturally capture some specific
spatial phenomena that are poorly approximated by discrete models; for instance, the dispersion of pollution is more naturally
studied in continuous space. Second, establishing existence and uniqueness in the continuous case ensures that the problem remains
well behaved as the number of regions N grows large, which is particularly relevant for applications with high-dimensional data (e.g.,
Bilal and Rossi-Hansberg, 2023 with 3,000 U.S. counties, or Desmet et al., 2018 with a global resolution of 1° x 1°, corresponding to
64,800 cells).

While these static results are not economically surprising (since the forces generating multiplicity operate primarily at the dynamic
level), our proof is original, and we believe worth reading, especially for the uniqueness part. It proceeds by homotopy. The idea is
simple: we first establish uniqueness in the most tractable benchmark case, when there are no trade frictions. In that setting, uniqueness
follows immediately. We then gradually extend this result to the general case with arbitrary trade costs by continuously “deforming”
the frictionless model into the general one. In other words, we track uniqueness step by step along a continuous path that connects
the simple case to the full model. We use the Leray-Schauder degree theory to formalise this reasoning. This strategy connects to a
tradition in general equilibrium theory, where homotopy invariance and index-theoretic arguments have been used to characterize
the set of equilibria, from Kehoe (1980) on production economies to Jouini (1992) on nonconvex economies with general pricing
rules. As far as we know, we are the first to adopt this homotopy approach to the case of spatial economics.

Finally, we use the racetrack economy (circle) in the last section of the paper for a closer comparison with the huge existing
literature on agglomeration/dispersion mechanisms using this spatial setting. Using the Herfindahl-Hirschman Index as a measure
of spatial concentration, we show that the evolution of spatial agglomeration can be decomposed into four distinct forces, each
corresponding to a specific term in the MFG equations: idiosyncratic shocks, captured by the Laplacian term of the Fokker-Planck
equation, myopic adjustment, linked to the source term of the HJB equation, uncertainty management, associated with the Laplacian
in the HJB equation, and forward-looking expectations, captured by the time derivative of the value function in the HJB equation.
These forces are, of course, not aligned: some promote agglomeration, others drive dispersion. We can identify which forces drive
agglomeration or dispersion depending on the static model. In particular, we show that, regardless of the static model, rational
expectations always contribute to agglomeration, but cannot reverse the dominant pattern that would arise under myopic behavior.

The paper is organized as follows. Section 2 presents the model and studies both the static equilibrium and the MFG structure of
the migration individual decisions. The (dynamic) MFG equilibrium is defined precisely and characterized. We prove existence and
uniqueness for the static layer, and existence for the dynamic one. Section 3 is more applied: we use a racetrack version of the model
to study its local dynamic properties by a standard local perturbation method. We single out four distinct mechanisms locally shaping
agglomeration vs dispersion. Section 4 concludes.

2. Model

We consider a spatial economy extending along the torus T? = R?/Z2,% populated by a continuum of agents who choose their
location over time in order to maximize their welfare. The model is structured in two layers. At each point in time, a static equilibrium
determines local wages and prices based on the spatial distribution of agents. This static layer is a two-dimensional extension of the
New Economic Geography model from Krugman (1996). We choose this model to fix ideas: in Appendices B.1 and B.2, we show that
our results can be extended to a much broader class of static spatial models. On top of this, agents engage in forward-looking migration
decisions under uncertainty. Their dynamics can be described by a mean-field game, where individual incentives depend on future
wages and the evolving spatial distribution of the population. The interaction between the static and dynamic layers is captured by
the fact that the instantaneous utility function in the mean-field game is given by the real wage computed in static equilibrium.

2.1. Static equilibrium

The static layer of our model follows the core structure of the New Economic Geography introduced by Krugman (1996), but is
adapted to a continuous two-dimensional space and excludes the agricultural sector. We abstract from agriculture to streamline the
analysis: since the agricultural good serves mainly as an exogenous stabilizing force in the standard model, removing it allows us to
focus only on the endogenous wage differentials and spatial interactions within the manufacturing sector. For the sake of completeness
and clarity, we provide a full presentation of the static equilibrium derivation below, even though it is well known to readers familiar
with the New Economic Geography literature. Readers familiar with these models may go directly to Section 2.1.2.

3 We choose the two-dimensional torus to simplify the exposition and avoid boundary effects. However, our results can be readily extended to
any bounded and smooth domain of R? (for d > 1), up to minor technical adjustments.

3
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2.1.1. The Krugman model

For simplicity, we omit explicit time dependence in the notation while describing the static layer. At each location x € T2, the
density of residents is denoted by u(x), where u is a probability measure on T2. Each location x produces n(x) > 0 differentiated
varieties of a single manufactured good. A representative agent residing at x consumes over the full spectrum of varieties and has
Dixit-Stiglitz preferences:

n(y) o1 ﬁ
U(x) = max / / q(y,x,i) o didy
q(-x,") T2 J0

subject to the budget constraint:

n(y)
// Py, x, i) q(y, x,i)didy = w(x),
12 JoO

where ¢(y, x, i) and p(y, x, i) denote the quantity and price of variety i produced at y and consumed at x, w(x) is the nominal wage at
x, and o > 1 is the elasticity of substitution.

Solving the consumer’s problem yields the aggregate demand function:
q(v.x.0) = p(y,x, 1)~ P w(x)p(), M

where the local price index is:

") =
P(x) = // p(y.x, )" didy ) 2)
T2 J0

The agent’s indirect utility at location x is simply the real wage:

w(x)

P(x)’

On the production side, we assume that there is a large number of manufacturing firms, each specializing in the production of a single
variety. They are in monopolistic competition. Manufacturing firms operate under economies of scale, requiring both a fixed cost and
a constant marginal cost. The labor demand for producing a quantity Q(x, i) of variety i at location x follows:

L(x,i) = F + cO(x,i)

Vix,w)=

where F represents the fixed labor requirement, and ¢ is the marginal labor input per unit of output.

Given the isoelastic demand (1), firms set a price p°(y,i) at a constant markup over marginal cost, and the price received by the
producer of variety i at y is:
(o}

P’ = cw(y)
c—1
Taking iceberg trade costs into account, the consumer price of a variety i produced at y and consumed at x is:
. . o
PO, 1) = P D7, X) = —— cw() 7(x, ), ©)

where 7 : T2 x T?> - [1, ) captures the intensity of trade frictions.
Zero-profit condition implies that firms produce a constant quantity:

D

0= 1= @

This is for the offer side. Let us derive the demand of each variety. Because all varieties are produced at the same scale, the density
n(y) of manufactured varieties at any location is directly proportional to the local worker density:

n(y)
u(y) = / L(y,i)di = Fon(y) (5)
0
Injecting (5) and (3) into (2), we get that
1
co L l—o =6 T-o
P(x) = ——(Fo)o-1 </ Hw(y) ~z(x,y) dy) (6)
oc—1 ™
Integrating (1) and using (3) and (6), we obtain the demand for variety i produced at x as:
F —c ] 1-0
O(x.i) = / TR 00 L)y %
T ;(/Tz u(@w(z)' = z(y, z)!~°dz)

Equalizing offer (4) and demand (7), we get the following equilibrium equation on wage, for all x in T2:

(3, x)' 0
= dy.
o) /Tz [ T K@tz oz Y )] Y
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2.1.2. Existence and uniqueness
We thus define a static equilibrium wage as follows.

Definition 1. Fix any population distribution 4 € P(T?) and trade frictions 7 : T2 x T?> — [, c0). We say that w : T> - R 4 is a static
equilibrium wage if it satisfies

1-0
w(x)° = W0 W) g0 vxe T2, ®)

72 [, DwE)' - du(z)

and
/ wx)du(x) = 1. 9
TZ

Condition (9) normalizes the average level of wages in the economy. It serves to close the static model by fixing a common unit
for nominal variables. Since Eq. (8) is homogeneous in w, this constraint prevents equilibrium indeterminacy arising from the fact
that any scalar multiple of w would otherwise be a valid solution.

Definition 1 provides a continuous-space formulation of a static Krugman trade equilibrium with exogenous and immobile labor.
While existence and uniqueness results are well established in the discrete case (Allen et al., 2020 being the most comprehensive
study) such results have not been established in a continuous setting. In the continuous case, the proof is more challenging because
we work in an infinite-dimensional space: the unit ball is no longer compact. To recover compactness, one must impose stronger
conditions. In particular, it is not sufficient to uniformly bound the variables of interest; one must also establish their equicontinuity.
This is usually achieved by controlling their derivatives and invoking the ArzelA -Ascoli theorem.

This requirement also explains why we need to establish additional regularity properties for the static layer, in particular the
continuity of the equilibrium wage with respect to the population distribution. This result is crucial for proving, in Section 2.2, the
existence of solutions to the dynamic model.

The following theorem addresses this gap by proving existence, uniqueness and regularity of a static equilibrium wage in contin-
uous space for any population distribution.

Theorem 1. Fix any population distribution u of P(T?). If = is of class C', and there exists a constant C > 0 such that

1
el <r<Cand ||, <C,
then there exists a static equilibrium wage map w. Moreover, there exists a constant C' only depending on t such that
1
e <w<C and W, <C.

If, furthermore, supp u = T2, then the equilibrium is unique, and for any & > 0 the map, called W, that associates the equilibrium wage with
any population distribution is Lipschitz continuous for the Wasserstein distance on

PETH={uePT? : BBePTH, u=(1-¢e)s+el.)
where U is the uniform distribution on T2,
Proof. See Appendix A.2. O

Let us provide a brief sketch of the proof. For existence, it relies on a classical fixed-point argument. The uniqueness and stability
results are more challenging to obtain. Although the classical approach for uniqueness of Allen et al. (2020) could work in this setting,
the stability result would require more arguments. Our approach allows us to address both questions simultaneously, and we detail
it below.

First, notice that without condition (9), uniqueness is hopeless: if w, satisfies (8), then so does 1w, for any ¢ > 0. Therefore, we
reformulate the problem to work in ©°, a linear subspace of the space of continuous functions, which incorporates condition (9). We
introduce a function G : ®° — @° such that any static equilibrium w, can be mapped to a zero of G, called u,. We then show that
DG(u) is an isomorphism of ®° providing local uniqueness. To show global uniqueness, we first observe that when 7 = 1, there is a
unique static equilibrium. We then use the following homotopy argument to extend this result to any trade frictions. Fix any z, and
define 7, = (1 — ) +t7. If G : [0,1] x % — =0 is such that the zeros of G(t,-) are exactly the static equilibria associated with z,. Then
G(0, -) has only one zero. We can show that no other zeros of G(t,-) appear as ¢ grows to 1. To formalize this argument, we invoke
the Leray-Schauder degree theory. First, we show that for any r € [0, 1] and any zero u,, the FrA©chet derivative DG(z, u,) has only
positive eigenvalues, and is therefore an isomorphism. This property, combined with the uniqueness of the zero of G(0,-) and the
degree formula [add reference], implies that the degree of G(0,-) is equal to one. By homotopy invariance of the degree, it follows
that the degree of G(1,-) is also equal to one. Finally, applying again the degree formula together with the properties of DG(1,-), we
conclude that G(1, -) admits at most one zero.

Homotopy and degree theory have a long tradition in general equilibrium theory, both to prove existence and to study the structure
of the equilibrium set. Kehoe (1980) used the invariance of the topological degree of the excess demand map under continuous defor-
mations of the economy to establish that the number of regular equilibria is generically odd in production economies. Jouini (1992)
extended this approach to nonconvex production economies with general pricing rules, deriving sufficient conditions for uniqueness
(Theorem 5.2 therein). What is specific to our setting is the transposition of this strategy to a continuous-space environment, where
the equilibrium operator acts on an infinite-dimensional function space and the deformation parameter is the trade-cost structure.

5
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Finally, we exploit the properties obtained for G in the uniqueness proof, in particular those concerning its derivative, to apply
the implicit function theorem to G. This allows us to establish the stability of the static equilibrium wage (i.e. the zero of G) with
respect to the population distribution u. To our knowledge, this is the first result proving such stability result in a continuous setting.
This property will play an important role in the analysis that follows, as it ensures that the wage function remains smooth enough to
guarantee the existence of solutions to the dynamic problem.

2.1.3. Extensions

In Appendix B.1, we show that Theorem 1 extends to other monopolistic competition models (e.g., Helpman, 1998 with local
ownership, Forslid and Ottaviano, 2003; Arkolakis et al., 2008; di Giovanni and Levchenko, 2013; Redding and Rossi-Hansberg,
2017, Section 3) where the equilibrium equation takes the form:

A, X)T(p,x)' 7

| Al 270, 2" w(z)!° du(z)

w(x)’ =

w(y)du(y)

.
T
where the heterogeneity function A(u,x) can be interpreted economically as capturing local productivity or amenities, potentially
influenced by spillovers from the population distribution,*
In Appendix B.2, we extend Theorem 1 to perfect competition models (e.g., Armington, 1969; Eaton and Kortum, 2002; Alvarez
and Lucas, 2007; Allen and Arkolakis, 2014; Redding, 2016), where the equilibrium equation takes the form:

1-o
w(x) p(x) = / Ap, X)7(y, X)
T2
/.

w(y) du(y).
A(p, 2)t(3,2) Cw(z)' C dz

2.2. Dynamic equilibrium

So far, the framework has been static. We now extend it to a dynamic setting as follows. We assume that agents are forward-looking
and can migrate over time: they form expectations about future wages and spatial distributions, and choose their trajectory in order
to maximize expected intertemporal utility.

2.2.1. A mean-field game problem

To formalize this, we work on a filtered probability space (Q, F, (F;)so.P) and fix a time horizon 7 > 0.> We assume that an
(infinitesimal) proportion & > 0 of the agents is immobile,® while the others control their own location, which evolves as a stochastic
process. More precisely, the position X of a mobile agent follows

dX,=a,dt+2vdB,, 0<t<T,
L(Xo) = o,

where v > 0 is the noise parameter, (B,), is a standard Brownian motion, and (a,),», is a control process representing the agent’s
velocity.

At any time ¢, given a trajectory of spatial wage profiles (w(1)),c(or), the agent chooses their velocity so as to maximize their
expected discounted utility:

(10)

T
(@ [E[/ [V (X, 1000), 10)) = ear)] e dt 48X w(T), u(TY)e T an
%)t>0 0

where V(x,w, p) is the real wage at location x, c(a) = %0 |a|? is a quadratic adjustment cost of migration, with ¢, > 0, and g is the
terminal utility.

The function V (x, w, u) describes the real wage available to a worker at location x defined by
Vx,w,u) = W) T
(fr2w(2)r(x, 2)1~Cd p,(2)) T2

where w is the static equilibrium associated to the spatial distribution u, = ¢ + (1 — &)y, 7(x, z) is the trade cost function between
locations x and z, and ¢ > 1 is the elasticity of substitution.

4 For instance, one may take
Ap,x) = a(x) / e ap(y),
‘|]'2

where the factor a(x) models intrinsic spatial heterogeneity (e.g., natural advantages or baseline productivity), while the convolution term captures
agglomeration spillovers from the surrounding population density.

5 We show in Appendix B.3 that our results generalize to infinite horizon.

6 This assumption is technically convenient. Loosely speaking, it prevents any location from becoming instantaneously empty. It is largely innocu-
ous in practice, since ¢ can be made arbitrarily small. Alternatively, one could also impose bounds on agents’ speeds.

6



M. Bahlali, R. Boucekkine and Q. Petit Journal of Economic Theory 236 (2026) 106217

At this stage, it is useful to provide several comments on the formulation of the problem.

First, in the state Eq. (10), migration is local. This has long been the standard in the economic geography literature (see, e.g.,
Baldwin and Venables, 1994; Mossay, 2006, 2013). More recent dynamic quantitative spatial models (e.g., Caliendo et al., 2019;
Kleinman et al., 2023; Bilal, 2023) by contrast, describe migration as occurring in discrete jumps.

Second, in our framework, the Brownian shock directly affects the agent’s physical position. This again differs from recent dynamic
quantitative spatial models (e.g., Caliendo et al., 2019; Kleinman et al., 2023), where randomness typically enters through preferences.
Our modeling choice is primarily driven by mathematical convenience, as it will allow us to obtain classical solutions to the mean-field
game system characterizing the equilibrium.

The following references may help the reader account for these features and move toward a formulation closer to current quanti-
tative models: Bertucci (2020), Dumas and Santambrogio (2024, 2025).

We now define a dynamic equilibrium as follows:

Definition 2. We say that a flow of distributions (u(t))¢j0) € C([0,T1, P(T?)) is a dynamic equilibrium if there exists a trajectory of
wages (w(t)),epo.7)> @ stochastic process (X,),eo.r}> and an optimal control (,),¢o 1}, Such that:

1. X satisfies the stochastic differential Eq. (10);

2. The control « maximizes the agent’s expected utility (11);

3. The law of X, satisfies £(X,) = u(r) for all 1 € [0, TT;

4. At each time 7, w(t) is the wage profile determined by the static equilibrium (8)-(9) given the distribution u(?).

This dynamic equilibrium can be seen as a mean-field game (MFG). Agents choose their locations over time to maximize in-
tertemporal real wages, net of migration costs. Wages, in turn, are determined by the overall distribution of agents via the static
equilibrium conditions (8)-(9). Agents form expectations about how this distribution evolves, and at equilibrium, these expectations
are correct, in line with the standard rational expectations assumption.

Interpreting the dynamic problem as a mean-field game will prove very fruitful. First, it allows us to reformulate the problem in
terms of partial differential equations. Let

2
a
la| ds + g(Xr, w(T), u(T)e TV X, = x

T
u(t, x) = max E / et [V(Xs,w(s),ﬂ(s))—co
t

(@g)s>

be the value function of the problem. If u admits enough regularity, it solves a Hamilton-Jacobi-Bellman (HJB) equation reflecting
the trade-off between current costs and expected future gains:

—0,u — vAu+ pu = H(x, Vu, w(®), u(t)),  (,x) €[0,T)x T2
w(T, x) = g(x, w(T), u(T)), x e T?

where, for all (x, p, w, u) € T?> x R? X C(T?,R*) x P(T?), the Hamiltonian has an explicit form:

2
H(x, p,w, 4) = max {p ca - cO|a|2/2 + V(x,w, /4)} = ﬁ+V(x, w, 1.
acR? 26‘0
Therefore, the optimal control is
. o] 1
a*(t,x) = argmaxs Vu(t,x) - a —cg—— ¢ = — Vu(t, x). 12)
aeR? 2 o

This expression defines a closed-loop policy: the optimal migration speed at time 7 depends only on the agent’s current location x
and on the anticipated wage trajectory w through u. Given this optimal policy, HJB writes

—0,u — vAu — % +pu=Vx,wt), u@®),  (tx)€[0,T)x T?

13)
w(T, x) = g(x, w(T), u(T)), x e T2

Now, the aggregate distribution y evolves according to a Fokker-Planck (FP) equation, which describes how the mass of agents
flows across space under optimal migration:

Ot — VAu + %div(qu) =0, (t.x)€(,T]xT2
10, x) = uy, x e T2
We now reformulate the notion of dynamic equilibrium accordingly.

Definition 3. We say that a flow of distributions x4 € C2([0,T] x T2, R) is a mean-field game equilibrium if there exists a value
function u € C'2([0,T] x T2, R) and a trajectory of wages w € C([0,T]x T2, R) such that the following equations are satisfied in the
classical sense:

|Vul®

—0,u— vAu — + pu = V(x,w(), u@)), a4

€o
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Oy — vAu + cl div(uVu) = 0, (15)
0
(3, )" w(t. y)
,ndy = ,x)°, 16
/w Tl dte, Do iz P4 = ) (e

completed with u(0) = py, u(T) = g(x, w(T), u(T)), and such that for any ¢

/ u(t,x)dx = 1 and / w(t, x)du(t, x) = 1.
T2 T2

Egs. (14) and (15) correspond to the standard HIJB-FP system in mean-field games. The general equilibrium condition (16) comes
from the static layer and endogenously determines the spatial wage profile based on the population distribution.” In what follows
the initial distribution p,, and the terminal cost g are assumed regular enough to use the results of the book Lieberman (2005) used
in the proofs.

Remark 1. In Definition 3, the solution of the HJB equation is assumed to be regular. When such a solution exists, Definitions 2 and
3 are equivalent, since the HJB solution coincides with the value function of the optimal control problem (by a verification theorem).
Hence, we now focus on solving the MFG system (14)-(16) and look for a mean-field equilibrium in the sense of Definition 3.

2.2.2. Existence of equilibria

Most forward-looking migration models, without relying on the MFG formalism, arrive essentially at this same triplet of equations.
Quantitative works, such as Caliendo et al. (2019) or Kleinman et al. (2023), are usually formulated in discrete space. The main
continuous-space framework with forward-looking migration is Mossay (2013), who develops a version of Krugman’s trade model
on a circle. To the best of our knowledge, whether in discrete or continuous space, no work has yet demonstrated the existence of a
dynamic equilibrium. In the following theorem, we adapt techniques from MFG theory to prove such a result.

Theorem 2. Assume that 7 is of class C! and there exists a constant C > 0 such that
é <7<Cand ||, <C,
and that g is continuous, continuously differentiable with respect to its first variable, and that

sup ”ng('s w, ﬂ)”oo < +oo.
w,p

Then there exists at least one mean-field game equilibrium, in the sense of Definition 3.
Proof. See Appendix A.3. O

The proof of Theorem 2 relies on a fixed-point argument. As mentioned earlier, the particularity of the MFG system (14)-(16)
is the additional equilibrium Eq. (16). To apply Schauder’s fixed-point theorem, it is therefore important that the solution of this
equation is regular and unique. We use for this purpose the results obtained in Theorem 1.

2.2.3. Extensions
In Appendices B.1 and B.2, we show that Theorem 2 extends to the case where Eq. (16) is replaced by other monopolistic or
perfect competition models. In Appendix B.3, we show that our result continues to hold in the infinite-horizon setting.

The arguments developed in the proof of Theorem 2 can also be adapted to establish the existence of a steady state equilibrium.

Definition 4. We say that a distribution 4 € C?(T2,R) is a stationary mean-field game equilibrium if there exists a value function
u € C*(T?,R) and a wage function w € C(T?, R) such that the following equations are satisfied in the classical sense:
[Vul?

—vAu — +pu = V(x,w, u), 17)
€o
—VvAu + Ci div (uVu) = 0, (18)
0
7(y, )~ w(t, y)
dy = °, 19
/Tz TG D@y e uzyz 4 = a9

completed with

/ u(x)dx =1 and / w(x)du(x) = 1.
T2 T2

We get the following existence result.

Theorem 3. Under the assumptions of Theorem 2, there exists at least one stationary mean-field game equilibrium, in the sense of Definition 4.

Proof. See Appendix A.4. O

7 If v = 0, we can use the viscous method to show the existence of weak solutions to the system, see (Lasry and Lions, 2007, Section 2.5). We do
not adopt this approach here so as to preserve readability.
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2.2.4. The question of uniqueness

The question of uniqueness remains a difficult problem. In the version of Krugman (1996) considered here, we can even show
that uniqueness of the steady state fails to hold. The economy may concentrate at any point, and there is a continuum of stationary
equilibria. This is the sense of the following proposition.

Proposition 1. Under the assumptions of Theorem 2, for any x* € T2, the Dirac mass 8,0 is a solution of the deterministic steady state
problem, i.e. it is a solution of the MFG system (17)—(19) with v = 0.

Proof. See Appendix A.5. O

More generally, the MFG theory provides a sufficient condition for uniqueness of the dynamic equilibrium: the real wage must
satisfy a monotonicity condition, known as the Lasry-Lions condition (Lasry and Lions, 2007, Theorem 2.5). Loosely speaking, this
condition requires that, on average, the real wage at a given location decreases as the density of agents at that location increases.
However, there is no reason to expect this condition to hold in standard trade models. Indeed, while the nominal wage may de-
crease as population increases, the price index may also rise (since production costs decrease and the number of varieties increases).
Determining which effect (nominal wages or the price index) dominates overall is not obvious.

3. The racetrack economy

This section aims to study the role of rational expectations in determining spatial patterns. So far, following Krugman (1991),
Baldwin (2001), and others, the discussion has mostly focused on the “history versus expectations” debate, that is, the conditions under
which expectations (operating through self-fulfilling prophecies) are strong enough to dominate initial conditions in the equilibrium
selection.

Here, we examine how rational expectations affect the agglomeration and dispersion forces underlying the formation of spatial
patterns. In particular, do forward-looking expectations strengthen agglomeration incentives, or do they instead promote dispersion?

To address this question, we consider a one-dimensional application of the model. The geography, known as the racetrack economy,
is represented by the circle Tzle of radius R > 0. This framework, widely used in economic geography (see, e.g., Krugman, 1996; Fujita
et al., 1999; Mossay, 2013), provides an analytically convenient benchmark to study the formation of spatial patterns.

Within this setting, the mean-field game structure proves particularly fruitful to analyze the agglomeration and dispersion forces
in a dynamic and uncertain environment. Indeed, HJB and FP equations explicitly capture the forward-looking behavior of agents and
their exposure to idiosyncratic shocks. This allows us to formalize and quantify how expectations (and uncertainty) affect the evolution
of population distribution in space. Anticipating our main result, we show that forward-looking expectations always contribute
to agglomeration, regardless of the underlying static model, but cannot reverse the dominant pattern that prevails under myopic
behavior.

The remainder of this section introduces a linearized version of the model around a spatially uniform steady state. This simplified
framework admits closed-form sinusoidal solutions, which allow us to identify and interpret the main forces shaping the dynamics of
spatial agglomeration: idiosyncratic shocks, myopic adjustment, forward-looking expectations, and the management of uncertainty.

3.1. Equilibrium
We begin by defining a dynamic equilibrium in the racetrack economy, following the same definition as in the two-dimensional

case.

Definition 5. In the racetrack economy, u € CL2([0,T] x T}e) is a dynamic equilibrium if there exists a trajectory of static equilibrium
wages w € C([0,T]x Ty) and u € C'*([0,T] x Tj) such that:

2
Vul® | o = Ve w), w),

—0,u— vAu —
€

o u—vApu + 1 div(uVu) = 0,
€o

(y, %) " w(t, y)

(L )y = w(t, X",
1 GO e ) ez

completed with u(0,-) = uy, w(T,-) = 0, and such that for any 7 > 0:

/ u(t,x)dx =2z R and / w(t, x)u(t,x)dx =2z R.
T Tk

Under the assumptions of Theorem 2, such a dynamic equilibrium exists for any initial condition y, € 2z R - 73('I]'Ilz).8 We now add
some structure to the model by assuming that trade frictions take the following form:

7(x,y) = e/

8 Following Fujita et al., 1999, in this section we assume that [}, u(1, x)dx = 2z R in order to ensure that /i = 1 is a steady state.
R

9
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for all x,y € T}, with d > 0. We also fix € = 0. Then, the system admits a unique flat-earth solution given by

.4 -1 B T —1/(1—0')
gi=1ia= [ZpR/ e_d("_l)xdx] ,w=1,V= [m/ e-d<"—1>de] . (20)
0 0

To analyze the mechanisms of agglomeration and dispersion, we consider a small deviation from this stationary equilibrium.
Specifically, following Krugman (1996), we introduce a sinusoidal perturbation of the initial population distribution:

fig(x) = 8, cos(kx) 2n

with k € N% and §, > 0 small. This perturbation affects the initial wage equilibrium through the static equation, generating a cor-
responding perturbation &[] € L*(T) on the nominal wage, and V[f,] € L*(T}) on the real wage. Following Fujita et al. (1999),
these perturbations can be characterized analytically using a first-order approximation.

Proposition 2. Forall x € T}{, we have, at first-order approximation:

_ oy _
Vil = = fo» (22)

Sy

where

5_V=G_1 s(s+2)Z

S, s+1+Z

n 1/1-0
G= [ZR/ e_d("_')zdz]
0

ra
V4 :RG_”_I/ cos(kz)e 4@ DIzl gz,

s
and s := (o — 1)~\. The ratio (6, /8,,) is positive when R is large.
Proof. See Appendix A.6. O

Proposition 2 states that, at first order, the sinusoidal perturbation (21) of the initial population distribution induces a corresponding
sinusoidal perturbation (22) of the initial utility. When the radius R is large, the ratio 6;, /5, is positive, indicating that utility increases
at locations where the local population density rises. This property stems from the fact that our static model is a particular case of
Krugman (1996), where only the manufacturing sector is active. In our setting, there are no centrifugal forces arising from immobile
agriculture, but only from love of variety. Consequently, the “no-black-hole” condition (Fujita et al., 1999, p. 59) does not hold here®
and, with myopic agents, any small perturbation of population density would evolve toward agglomeration.

Thus, the Krugman model without the agricultural sector leads to agglomeration as migration decisions are not forward-looking.
This result is well known. However, our model is dynamic and stochastic: agents form rational expectations and face uncertainty.
Additional forces related to these features therefore come into play. We will see that the MFG equations make it possible to identify and
quantify these forces. But before doing so, to facilitate the analysis, let us linearize the MFG system around the stationary equilibrium.

Definition 6. In the racetrack economy, we say that ji € C12([0, T] X T}z) is a solution to the linearized perturbation problem if there
exists a trajectory of value function perturbations i € C'([0, T x T}) such that:

—0,ii — VA + pii = V[fi,], (23)
a,;z—vAﬁ+lAa =0, (24)
€
_ Sy
V[ﬂz] = 5_I4p (25)

H
completed with ji(0, x) = §,, cos(kx), #T,x) =0 for all x € T.

This type of linearization has proven useful in economic applications of MFGs, particularly for analyzing shocks in heterogeneous-
agent macroeconomic models (see Bilal, 2023; Alvarez et al., 2023). In our case, it is justified by the fact that the initial perturbation
o is small.

Our linearized system (23)—(25) may admit multiple solutions. Following Fujita et al. (1999), we focus on sinusoidal solutions
that oscillate at the same frequency as the initial perturbation. We characterize this class of solutions in closed form in the following
proposition.

9 Specifically, since the share of expenditure on manufactured goods m is equal to one, we have o(1 — m) = 0, whereas the no-black-hole condition
requires o(1 —m) > 1.

10
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Proposition 3. The linearized system of Definition 6 admits a solution of the form

fi(t, x) = A(t) cos(kx), (26)

i(t, x) = B(t) cos(kx), (27)
if and only if

Sy cop’ 2,2

a < m+cov k* + copv.

The amplitudes A(t) and B(t) are linear combinations of exponentials:

A(t) = CreM! 4+ Cye,
B(1) = (Cy/B)eM +(Cy/Br)e™,

with
2 2
p+\/p2+4<v2k4+pvk2—i‘/—k> p—\/p2+4<v2k4+pvk2—u)
10 6uc0
A= s Ay = s
! 2 2 2
k? k2
b=y P oeray
co(Vk* + 4y) co(Vk* + 4y)
o= _6yﬁleizT _ 5uﬁzellT
U7 prehiT —plehl’ 27 penT —pohl’

Proof. See Appendix A.7. O
3.2. Analysis of agglomeration and dispersion forces

The linearized dynamics derived in Proposition 3 provide a tractable way to study the forces that drive agglomeration or dispersion.
The amplitudes of & and j take the form of a sum of two exponentials. Several cases arise depending on the values taken by the
parameters.

If

6
Y < cokzv2 + copv,
Sy

one exponential, e*!, diverges because 4, > 0, while the other, e®2’, vanishes because 1, < 0. Besides, over an infinite horizon,

c, —0, C — 36

T—oo Tooo H

This means that when the time horizon is large, the divergent exponential disappears from the solution. In this case, the perturbation
ji dampens over time, and eventually vanishes. There is dispersion.
Else, if

2.2 Sy _ b’ 2.2
cok“v= + copv < 3 < m+c0k Ve +copv,
"

both exponentials e*1” and ¢*' diverge, because 4,, 4, > 0. Over an infinite horizon,
C, — 0, C — 34,
T—o0 T—co

In this case, the perturbation ji grows over time, leading to agglomeration.
We summarize these results for large horizon in the following corollary.

2
Corollary 1. Assume that ‘;—V < % + cok?v? + ¢y pv. When the time horizon T is large, there exists a solution to the linearized problem such
U
that for all 0 <1 < T, x € T},

fit,x) = Sﬂeh cos(kx),

with A = % |:p— \/p2+4<v2k4+pvk2— ﬁ)J If
8yco

6
Y < cokzv2 + copv,
Sy

11
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the initial perturbation vanishes over time: there is dispersion. Else, if
3 cop?
cokzv2 +copv < x < L + cokzv2 +copv,
8, 4k
the initial perturbation amplifies over time: there is agglomeration.
Proof. See Appendix A.8. O

When there is no uncertainty (v = 0), dispersion occurs when 6y, /5, < 0, and agglomeration occurs when 0 < §y,/5, < %. The
dominant pattern (agglomeration or dispersion) is the same as in the myopic case: forward-looking expectations do not change the
prevailing pattern. We will return to this point at the end of this section.

We now want to go more in detail and quantify the extent to which strategic and dynamic behaviors (rational expectations,
consideration of uncertainty) contribute to agglomeration and dispersion effects. To quantify them, we use the Herfindahl-Hirschman

Index (HHI), a classical measure of concentration. For any probability density function f defined on Tzle’ we define the HHI of f as
HIf]= / [()* dx.
T

The next proposition illustrates how the HHI captures the degree of spatial concentration:

Proposition 4. The following statements hold:

o The uniform distribution minimizes the HHI over P(T}Q).
e Any sequence (f;)ren C P(T}z) that converges (in the sense of distributions) to a Dirac mass 6, at some point x, € T}z satisfies:

Jlim H[fi] = +oo.
Proof. See Appendix A.9. O

The HHI thus provides a continuous measure of spatial concentration: it reaches its minimum for a uniform distribution and
diverges as mass becomes increasingly concentrated at a point. We will use this metric to evaluate how our racetrack economy
evolves from an initial perturbation and to identify the forces that drive agglomeration and dispersion.

Given the perturbation setup introduced earlier, the HHI at time ¢ takes the form'?

Hul(r) = / G+ A, x)?dx = / ((+ x))* dx.
TR TR

Using the fact that [}, fi(t,x)dx = 0, a second-order expansion yields:
R

H{ul() = / At x) dx.
-|]-]
R
To assess whether the system tends toward agglomeration or dispersion, we consider the time derivative of the HHI:

1 - -
EH[M]'U) =/ 0, ji(t, x) fi(t, x) dx.
Th
A positive value indicates increasing spatial concentration (agglomeration), whereas a negative value indicates movement toward
uniformity (dispersion). Using the linearized Fokker-Planck Eq. (24), an integration by parts and Eq. (12), this derivative decomposes
as:

lH[M]’(t) = v/ Af(t, x)at, x) dx+/ a*(t,x) - Vji(t,x)dx (28)
2 T T

_

Idiosyncratic shocks Controlled migrations

The interpretation of Eq. (28) is as follows. Agglomeration and dispersion dynamics are driven by agent movement, which can be
either involuntary due to exogenous shocks or controlled by the agents through migrations.

The involuntary term related to idiosyncratic shocks, v / ji(t, x)Aji(t, x) dx, is always negative'! and therefore systematically con-
tributes to dispersion. This reflects the fact that idiosyncratic shocks introduce random, uncoordinated movements across space. As
agents are hit by independent Brownian shocks, their trajectories diverge over time, leading to a smoothing of the population den-
sity. This diffusive mechanism is purely entropic: it pushes the system toward a more uniform distribution, regardless of economic
incentives or spatial preferences.

The controlled migration term depends on the interplay between the optimal control o* and the population distribution j. If
[ a* - Vji > 0, agents tend to move toward local maxima of /i, leading to agglomeration. Conversely, if [ a* - Vi < 0, agents tend to
move toward local minima of /i, leading to dispersion.

By performing a double integration by parts on the controlled migration term, and then using the linearized HJB Eq. (23), this
term can be decomposed into several interpretable components. This is shown in the following proposition.

10 For readability, we slightly abuse notation by omitting the normalization constant (2zR)~! in front of y.
11 This follows from an integration by parts, using periodic boundary conditions.

12
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Proposition 5. Let ji and i be solutions to the linearized problem as in Definition 6. For all0 <t < T:

SHIU (0 =v / At )it x) dx ——— / V1a)GOA(E x) dx
T peo JT),

R
J

Idiosyncratic shocks Myopic adjustment
. - 1 . -
- A, )AL x)dx —— / B,ii(t, X)Ajit, x) dx .
peo J) peo JTh

Uncertainty Forward-looking expectations

Proof. See Appendix A.10. O

Proposition 5 identifies four distinct forces that shape the evolution of agglomeration and dispersion. The first term originates
from the Fokker-Planck equation and captures the contribution of idiosyncratic shocks. As discussed previously, it is always negative
and thus acts as a force of dispersion.

The remaining three terms arise from the linearized Hamilton-Jacobi-Bellman equation and reflect how agents adjust their location
based on different economic motives.

The myopic adjustment term originates from the instantaneous utility term 17;}} (x) in the HJB equation and captures myopic
migration behavior. Agents react to current spatial differences in utility, relocating toward areas with higher real wages.

The uncertainty term comes from the Laplacian vA# in the HJB equation. It reflects the anticipation of random shocks.

Finally, the forward-looking expectation term comes from the time derivative 9, in the HJB equation. It captures the forward-
looking component of agents’ behavior: individuals form expectations about how the value of each location will evolve, and adjust
their migration decisions accordingly.

These forces are not always aligned. Some promote agglomeration, others drive dispersion. To understand their respective roles
more precisely, we restrict attention to the class of closed-form solutions introduced in Proposition 3 and Corollary 1.

Proposition 6. Let ji be the sinusoidal perturbation solution to the linearized problem given in Corollary 1. We have, for all0 <t < T:

—1 §V -1 2 -1 —1 —1
1 -v +(pcp) 5 —(pcy)™ vk B +(pco)™ AB;
EH[M]/(1)=”R1€25,2,€2'“ o~ y S .
Idiosyncratic shocks — Uncertainty Forward-looking expectations

Myopic adjustment

Proof. See Appendix A.11. O

In this form, the sign of each term is explicit. As expected, the contribution of idiosyncratic shocks is negative, confirming that
such random shocks induce dispersion. This reflects the diffusive effect discussed earlier, whereby uncoordinated movements tend to
flatten the spatial distribution.

The term related to myopic adjustment has the same sign as the ratio 6, /6,. According to Proposition 2, this ratio is positive in
our model. This means that locations with higher population density also offer higher instantaneous utility. As a result, agents are
attracted to already dense regions, reinforcing concentration. This mechanism thus promotes agglomeration, and the corresponding
contribution to H[u]'(r) is positive.

Conversely, the term related to uncertainty is negative (because f, > 0 when 6, /5, > 0). The intuition is as follows. Noise naturally
tends to spread the population by reducing density in crowded areas and increasing it elsewhere. Since &, /5, is positive, utility is
currently higher in densely populated locations. However, agents anticipate that stochastic fluctuations will gradually redistribute
the population, making less crowded areas more attractive in the future. Expecting these zones to gain in utility over time, agents
choose to move toward them preemptively. This behavior, driven by uncertainty, reinforces spatial dispersion, and the corresponding
contribution to H[u]'(¢) is negative.

Finally, let us study the term associated with forward-looking expectations. For simplicity, assume that v = 0. Then this term is
positive when 6y, /5, > 0 (because §, > 0 and 4 > 0 when 6y, /8, > 0). The intuition behind this is the following: since the ratio 8 /5, is
positive, being in a densely populated area increases instantaneous utility. Agents therefore anticipate that others will also be drawn
to these crowded locations, causing future utility to rise in those places. This expectation creates an incentive for agents to join the
crowd immediately, reinforcing agglomeration dynamics.

We thus see that when §,, /5, > 0 (that is, when agglomeration forces dominate in the static framework), forward-looking ex-
pectations further reinforce agglomeration. Let us now consider the opposite case: suppose that the static economy is dominated by
dispersion forces, that is, 6, /8, <0.In this case, it is easy to show that g, < 0 and 4 < 0. Hence, the term associated with rational
expectations remains positive: rational expectations still act as an agglomeration force. The intuition is as follows. When the ratio
by /5, is negative, being in a densely populated area reduces instantaneous utility. Agents therefore anticipate that such crowded
areas will eventually empty out, which will increase utility in those locations in the future. This anticipation creates an incentive for
agents to join the crowd immediately, once again reinforcing agglomeration.

Thus, whatever the underlying trade model (whether driven by agglomeration or dispersion forces), forward-looking expectations
always reinforce agglomeration. This raises a natural question: could rational expectations ever reverse the outcome, leading to
agglomeration when myopic behavior would have produced dispersion? For instance, if agents expect a crowded city to lose residents
and move there in anticipation of others leaving, could this paradoxically cause further agglomeration? The answer is no. One can

13
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show that the combined effect of myopic and expectation terms in Proposition 6 always shares the same sign as the myopic term
alone. In other words, rational expectations cannot reverse the dominant pattern (agglomeration or dispersion) that prevails under
myopic behavior.

All this section shows that, in a dynamic and uncertain environment, agglomeration and dispersion cannot be understood only
through static trade-offs such as love of variety versus congestion. They also reflect how agents form expectations, respond to un-
certainty, and adjust to the evolving distribution of others. The MFG framework allows these effects to be modeled and quantified
explicitly.

4. Conclusion

In this paper, we have presented why and how the rising MFG methodology can be used to overcome some theoretical challenges
arising in spatial dynamics in continuous space. By providing such a systematic solution strategy, this quickly developing methodology
is likely to help handling more intricate spatial models in the future. As shown in this paper, it may also open the door to a deeper
and more efficient theoretical approach possibly delivering existence proofs of equilibria in various circumstances.

Several extensions can already be envisaged regarding the state of art in MFG. First, there is room to introduce policy and even
interactions between the policy maker (typically referred to as dominating player) and the economic agents (or market players)
as evidenced in Bensoussan et al. (2016). Second, one can make the stochastic component more complex if needed for realism.
For example, one can add common noise to idiosyncratic noises (see Carmona and Delarue, 2018). Last but not least, the MFG
computational literature is booming and in principle, it should be possible to obtain the transitional dynamics inherent in MFG with
increasingly efficient computational methods (see Achdou and Capuzzo-Dolcetta, 2010; Achdou and Lauriere, 2020; Carmona and
Lauriere, 2021 for instance).
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Appendix A. Proofs
A.1. Notations

We denote by C°(X) or C(X) the space of continuous functions on a topological space X and by C"(X) the space of functions
on X with continuous derivatives up to order n. The associated norm is denoted by || f||c» := Z‘ Bl<n 10 .- The notations C(X,Y)
stands for the space of continuous maps from X to Y. Amap f : X — Y between metric spaces is said to be Lipschitz if there exists
a constant L > 0 such that

dy(f(x), fy) < Ldx(x,y),  VYx,y€X.

The parabolic HAYlder space C*/2% consists of functions f = f(t, x) such that all derivatives 6,"6,‘: f with 2k + |p| < a are continuous
and bounded, and the norm is defined by

171l Y natorsi jofok s = 0ty 6. )
@/2.a 1= + su ’
‘ 2k+|fl<a e (t,x)#l()s,y) d((t, x), (s, y))*

1
where d((1, x),(s,y)) = |t — 5|2 + |x — y|. We write T? :=R?/Z> for the two-dimensional flat torus and T} := R/(RZ) for the one-
dimensional torus of length R > 0. The set P(T?) denotes the space of Borel probability measures on T2. For p > 1, the Wasserstein
space (P,,(Tz), W) consists of probability measures y € P(T?2) with finite pth moment, endowed with the p-Wasserstein distance

1/p
W”(/A,v):=< inf / d(x,y)”dﬂ(xgy)> >
T2xT2

mel'(p,v)

where T'(u,v) is the set of couplings of 4 and v, and d denotes the Euclidean distance on T2. In particular, (P;, W!) and (P,, W?)
denote the spaces equipped with the 1- and 2-Wasserstein distances, respectively.
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The symbol deg; ¢ denotes the Leray—Schauder degree, and Ker stands for the kernel of a linear operator. We denote by || - ||, the
uniform (supremum) norm, |||, := sup,ey [f(x)], and by || - ||z, the operator norm on a Banach space B, defined for a bounded
linear operator T' € L(E) by

T
WTlece =300 "
x#0

Here, L(E) denotes the space of bounded linear operators on a Banach space E, and G(E) denotes the set of invertible (bounded)
linear operators on E. A subset K C E is called a cone if it satisfies K + K ¢ K and AK C K for all 1 > 0. A cone K is said to be solid
if it has non-empty interior. We say that a linear operator T is compact if it maps bounded subsets of E to relatively compact subset,
and strongly positive if for a solid cone, T(K) C int K, where int K denotes the interior of K.

We denote by span{uvy, ..., v,} the linear span of the vectors vy, ...,v,. If F is a differentiable operator, its FrA©@chet derivative is
denoted by DF, sometimes also written F’. When considering spectral properties of linear operators, we use the standard terminology:
an eigenvalue 1 is said to be simple if its algebraic multiplicity is one, and we denote by v the associated eigenvector.

Finally, for a smooth function f : RY — R, we denote by Vf = (6X1 foosOx, f ) the spatial gradient, by Af = ¥, 62 f the Lapla-

i=1 "x;

cian, and by o, f the time derivative of f.
A.2. Proof of Theorem 1

Existence
We first establish the existence of a wage function w satisfying (8) and (9). Let us introduce

E={gecl(vz) : %Sg(x)scl,llg’uwscz and /g(x)du(x)=1},
1

for some constants C; and C, to fix later. It is a convex and compact set of C(T2, R) for the uniform topology. Let us now define the
application A : E — E as follows: for any w in E,

(0! 77w
Jr2@)r(v.2) e du(z)

2. then set A[w](x) = f[w](x)é/<fvz f[w](y)%du(y))

1. associate f[w](x) = [} du(y), for any x € T2,

Step 1. We start by showing that A is well-defined. Fix any w in E. Notice that by construction,

/ Alw](x)d p(x) = 1.
T2

To show estimates on A[w], we first establish estimates on f[w]. Using the fact that z is bounded by below and above, there exists
C, > 0 such that
Jp2 wdu(y)
[ w(@)'=Cdu(z)’
From the convexity of ® = ®!~° on R?, Jensen’s inequality yields
Jr2 w)du(y)
1—
(/2 w(2)du(z) ™
Using that sz w(y)d u(y) = 1, we conclude that f(x) < C,.

flwlx) < C,
flwlx) £ C,

On the other hand, we have for any z, w(z)!~® < C?~'. Therefore,

—1 -1
( / (W(Z)T(y,Z))l’”dﬂ(Z)> zc}*"( / (T(y,Z))l"’dﬂ(Z)> :
T2 T2

Thus, there exists C’ such that f(x) > C! Cll“’.

Coming back to A[w], from its definition and the estimates on f, we deduce that

1 1
C\e 1. C\o -1

T T

Therefore, we fix C, large enough to ensure that

1 1
C'\s 1_ C \s 1-1
L <(=) ¢ and (=) C, ° <C,.
Cl Cr 1 (el 1

T

In other words, we set C; bigger than C,/C’. To highlight the fact that C; may only depends on z, we choose C| = C,/C!.
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It remains to show that A[w] is of class C! and its derivative is uniformly bounded. It is easy to see that A[w] is differentiable, and

1
Sflwl(x)»

S—— 1)
o [r2 Flwl(y) e du(y)

Alwl'(x) =

where

XTI 9T ().
7 [y, 2)'~edu(z) 0x

flwl(x)=(1-0)
From the continuity of f[w] and f[w]’, we deduce that A[w] is C'. Then, using the bounds on w, 7, g—;, and f[w], we can deduce that
there exists a constant C!’ which only depends on 7 (since all the estimates only depend on 7), such that

L) ll < €.
By setting C, = C//, we have proved that A[w] belongs to E.
Step 2. Let us show that finding a static equilibrium is equivalent of finding a fixed-point of A. The implication is trivial. Conversely,
let us assume that w is a fixed-point of A. Then, the definition of A yields

0wy
CAlw](x)° = / i
o 72 [y, 2)'=°du(z)

where

c= < / f[w](y)idu(w) :
‘[(2

Note that the result follows the fact that C = 1. Multiplying Eq. (A.1) by w(x)'~ and integrating it against , we obtain

du(y), (A1)

1-0
A o 1-o - T(y7x) w(y) 1—c )
C /T , [w](x)° w(x)" ~° d u(x) /Tr o To@@etn oy dn (Z)du(y)W(x) du(x)

Using Tonelli’s theorem and rearranging the terms, we obtain

Jr2 ()T (y, X))~ d pu(x)
12 [Ty, 2)'~7d u(z)

We conclude that C = 1, by using the fact that A[w] = w, and that f wdyu = 1. Therefore, w satisfies (8) and (9).

c /T . Alw] () w(x)'" " du(x) = w()d u(y).

Step 3. We show that A is continuous for the uniform topology. Let (w,) be a sequence of E converging to w. The bounds on (w,) and
its convergence to w yield that

/ (W, (D)7(z, ) du(z) > / W)z, ) " du(z)
wZ ‘[|'2

uniformly. From the previous convergence, the bounds on (w,) and its convergence to w, we deduce that f[w,] converges to f[w]
uniformly. The same kind of arguments allow us to conclude that A[w,] converges to A[w] uniformly.

Step 4. From Step 1 and 3, A is a continuous map from E into itself. Moreover, E is a compact, convex and non empty subset of
C(T2,R) for C, chosen large enough. Therefore, we use Schauder’s fixed-point theorem to conclude that there exists w in E such that
w = Alw].

Local uniqueness

The purpose of this paragraph is to use the Inverse Function Theorem to deduce the local uniqueness of a static equilibrium. Let
us fix w? a static equilibrium, introduce

B= {geCO(TZ,R) : ci <g<(C and /g(x)dy(x):l}
1

and define F : B - C%(T2,R) by

1
1-0 I
F<w>=f[w1i=< / 70, x) 710) dﬂ(y)> .
T

2 [r(w(2)r(y, 2)'~7d u(z)

Step 1. Let us show that 1 is an eigenvalue of DF(u"), and that if DF(w°)(h) = h, then h € span{u®}.

First, it is easy to show that F is Gateau-Differentiable and that DF is continuous, therefore F is of class C!. Moreover,
1-o
DF(w)(h) = o flw] « Dflw](h).
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Therefore,
(3,0 h(y)
1 [y, 2)! =7 du(z)
(10w fr2(w(2)(y, 2) 70 %dﬂ(z)
He-b > du(y)|.
v (fr2(w(2)t(y, 2)' =0 d u(z))

We claim that DF(wy) is a linear, compact and strongly positive operator of C°.

DF@)h) =~ fluw] 7 [ du(y)

Since the linearity is trivial, let us only check that it is compact and strongly positive. Let 3 be a bounded set of (C%(T?),||.]|s)-
There exists b > 0 such that ~ € B implies ||4||, < b. The regularity of = and w, and the bound on % implies that || DF(w)(h)||,, and
| DF(w)(h) ||, are bounded by above by a constant that only depends on z, w and b. Then ArzelA -Ascoli’s theorem ensures that
DF(w)(B) is compact in (CO(T?), ||.ll)-

Now let us take a continuous nonnegative function 4, not equal to 0. The kernel functions multiplying 4 in the integrals are bounded
by below by positive constants. Moreover, since supp u = T2, then DF(w,)(h) > 0. Since it is true for any h, we deduce that DF (w,)
is strongly positive.

Since for any positive 1, tw, is solution of w = F(w), then DF(wg)(w,) = wy. In order to conclude that if h € CO(T?,R) satisfies
DF(wgy)(h) = h, then h € span{w}, we use the following result:

Theorem 4. Let X be a Banach space, K C X a solid cone, T : X — X a compact linear operator which is strongly positive. Then

1. the spectral radius r(T) is a simple eigenvalue with an eigenvector v € K and there is no other eigenvalue with a positive eigenvector.
2. |A| < K(T) for all eigenvalue A # r(T).

Proof. The proof of this result can be found in Chapter 1 of the book Du (2006). O

Step 2. Let us introduce for i =0, 1,

®’={geCO(T2,R) : /gdﬂ=i}.

Let T : ©° - @' be defined by
Twy=u+1.
It is a bijection. Note that (@Y, ||.]|,) is a Banach space. Let us define G : T~!(B) c ®° — @° by
F(T (w))
J Faan ™

The function G is differentiable in ®° and

DF(T@)(h) HIW [
(T (w)(h)d p.
Jr2 FTw)du = F(T(u))du)2

Fix u, such that T'(uy) = w,. We want to use the Fredholm alternative to show that DG(u,) is an isomorphism. We already know that
DF(T (uy)) is a compact operator. Moreover, let us establish that f DF(T (uy))(h)du = 0 for any h. Let us notice that for any w,

/F(w)"w""dy:/wdu: L.

Differentiating this equation with respect to w in the direction h € 8°, we get

Gw) =T —

DG(u)(h) = h -

c / Fw)’ ' DF(w)(hw'™® = (6 - 1) / Fw)’whdp.

Setting w = w, and using F(w,) = w,, we end up with
G/DF(wo)(h)dﬂ =(o— 1)/hdu =0.

It is the wanted equality. Using that f F(T (uy))du = 1, it allows us to write
DG(ug)(h) = h — DF(T (up))(h).

Note that DG(y,) is a Fredholm operator on @°. Let us verify that Ker DG(u) is reduced to {0}. Fix 1 € Ker DG(u), then by step 1,
h = tw, but the condition /[ & = 0 ensures that ¢ = 0 meaning that i = 0. Therefore, DG(u,) is an isomorphism in ®° and we can apply
the Inverse Function Theorem to deduce the local uniqueness of i, in @°.
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Global uniqueness

To deduce the global uniqueness of a solution of F(w) = w in ®!, we will use the fact that when 7 = 1 there is a unique static
equilibrium. In particular, we will show that the value of the Leray-Schauder degree is 1. Then, using the properties of the degree,
we deduce that a change of r does not modify its value. Therefore, from the degree formula and the previous steps, we deduce that
there is at most one static equilibrium.

Fix 7 = 1. In this case, it is trivial to see that the unique static equilibrium is w, = 1/u(T?). Therefore, the unique solution of G; = 0
(the dependency of G with respect to 7 has been made clear) is uy = T~ (w) .
It allows us to deduce the value of the Leray-Schauder degree as follows:

deg;5(G, T™'(BL,0)= Y (=1)°@,
aeG71(0)

where o(a) is the aglebric multiplicities of the eigenvalues of DF(T'(a)) contained in (1, +oc0). From the above, the sum is reduced to
one element u, and from step 1 of the Local Uniqueness paragraph, we know that DF(T(u,)) viewed as an operator of C(T?, R) has
1 as simple eigenvalue and that the others have a norm strictly smaller than 1, hence o¢(u,) = 0, leading to

deg; (G, T'(B),0) = 1,
where B has been defined in the previous paragraph.

Now, fix any 7 satisfying the conditions of the Theorem and introduce 7z, = (1 — t) + tz. To ensure the Leray-Schauder degree remains
constant along the continuous deformation 7, = (1 —1) + ¢z for ¢ € [0, 1], we must verify that no zeros of the map appear on the
boundary of T=!(B). Observe that the L and C! norms of the intermediate trade costs , are uniformly bounded by the corresponding
norms of 7. Because the constants C; and C, defining the set B can be chosen sufficiently large to accommodate these maximal
uniform bounds, any static equilibrium w, associated with 7, will strictly satisfy 1/C; < w, < C; and ||Vw,|| < C,. Consequently, for
any ¢ € [0, 1], the equilibrium w, resides strictly in the interior of B. It directly follows that any associated zero u, lies in the interior
of T~!(B), meaning the boundary bounds are never reached during the homotopy. This completes the justification for the invariance
of the degree. Hence, for any ¢ € [0, 1]

deg; 5(G,,.T™'(B),0) = 1.
Using the formula of deg; ¢ and the fact that for any equilibrium w,, DF(w,) has no eigenvalues contained in (1, +0), we conclude

that there is at most one static equilibrium.

Stability
The argument is based on the implicit function theorem. We use the previous notations, where the dependency of G with respect
to u has been made clear in the following. Setting u(u) = T~ (W (n)),

G(u,pu) =0.

Let us introduce a probabilistic set up (Q, A, P) such that every probability measure 4 on T? admits a random variable X such
that £(X) = u. Since T? is a compact set, the Wasserstein space (P;(T?), W;) and (P,(T?), W,) are equivalent. We therefore see G :
(@, |1.lle0) X (P2(T2), W3)) — (@Y, ]|.]|)- Since (P,(T?), W5)) is not a Banach space, we lift it into L>(Q, T?) i.e. we work with

G 1 (0% |lle) X (LA T2, |1l 12) = ©°, |I.ll)
defined for any (u, X) by
G, X) = G(u, L(X)).

Let us fix (4, X,) such that G(u,, X,) = 0. Using the same arguments developped in the proof of Theorem 1, we know that D,G(u, X,)
is an isomorphism of @°. Since G is C!, we can apply the implicit function theorem to conclude that in a neighborhood of (i, X,),
the zeros of G are of the form (U(X), X) where U is C! and its derivative satisfies:

DyU(X)=-D,GU(X), X)"'DyGU(X), X).

Coming back to (P,(T2),W,) and using Proposition 5.1.8 of Cardaliaguet (2018), we deduce that U, the application satisfying
U(L(X)) = U(X), is C! in the intrinsic sense and that for any u

D,U(u) = =D,GWU (), )~ D, GWU (), p).
Let us introduce
K={wmweC®THxPT? : Gum=0,u2e uz-1}

The continuity of G ensures that K is closed, and the existence part in the proof of Theorem 1 ensures that K is compact.
Moreover, the set G(E) of invertible operators is open in £L(E), the space of bounded linear operators, and the map

CE)2Am A € L(E)
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is continuous. The regularity of G and the previous observation ensure that the map
K3 (u, 1) = D,Gu, w)" € L(E)
is continuous.
It allows us to deduce that its direct image is compact. Therefore, there exists C > 0 such that

max ||D,G(u, -1 < C < +co.
(u’”)elcll L G(u, p) ”L(CU(TZ)) =

We deduce that
-1 .
1D, Ul < (hax. 1D, G, 1)~ ll o2y (max.. ID,Gu, Wl =2 R < +oo.

Therefore, U is Lipschitz on K.
A.3. Proof of Theorem 2

Let us start by proving that the wages trajectory admits time regularity when y is regular in time.

Lemma 1. If u belongs to C([0, T, P,(T?)) and is HAIder continuous in time for the 2-Wasserstein distance W,, i.e. there exists C > 0 such
that for all s,t € [0,T]

Wi (u(s). () < Clt — 512,

then, denoting w(t) the static equilibrium associated to u(t), there exists C' such that for all s,t € [0,T]

1
llw(® = w(s)lle < C'lt =512,

Proof. Using the same notation used in the proof of Theorem 1, we note that

[lw(®) — W)l = lu®) — u)llee = 1U @) = Uu(s)lle < RW(u(1), u(s)) < RC|t - SI%‘
a

Let us now state the existence of a dynamic equilibrium using the Schauder fixed-point theorem.
Let us introduce

Q= {MGCO([O,T],PZ(TZ)) : Supw gc}.
-2

It is a non-empty, closed and convex subset of C%([0, T], P,(T?)). Moreover, from Arzela-Ascoli’s theorem, Q is compact.

Let us now define the map ¥ in the following way: from y € Q

1. associate w such that for any ¢, w(r) is the static equilibrium associated with u(z),
2. then associate u the solution of the HJB Eq. (14),
3. then define ¥[u] the solution of the Fokker-Planck Eq. (15).

In the paragraphs below we establish that ¥ is well-defined. We also develop arguments to show that the solution of the different
equations admits strong regularity properties : this will help to show the continuity of ¥ and then apply the Schauder fixed-point
theorem.

Let us fix 4 an element of Q.

Step 1. Invoking Lemma 1, w admits a 1/2—HA"Ider estimate in time. On the other hand, thanks to Theorem 1, we already know that
w admits uniform and Lipschitz estimates in space which only depend on 7.

The regularity of w and u ensures that the function V (¢, x) = V (x, w(t), u(?)) belongs to C'/%! and admits estimates in it, depending
only on the constant C and the map =.

Step 2. Concerning the HJB equation, by inverting the time as follows: s = T — ¢, (14) becomes a parabolic equation. Then we can use
the results on quasilinear parabolic-equations to state existence and uniqueness of the solution as well as estimates.

Because the HJB equation features constant diffusion, a bounded source term, and regular terminal data, we can directly apply
Theorem 12.16 from Lieberman (2005), to obtain the existence of a classical solution u € C'2. Then, we derive uniform estimates that
are independent of the measure path . Uniqueness and a uniform bound for u, depending only on ||V ||, and ||g(-, w(T), u(T))||,, are
ensured by the comparison principle (Theorem 9.1 or 9.7 from Lieberman (2005)). Finally, using the Ishii-Lions method (see Crandall
et al. (1992)), we deduce a uniform bound for Vu depending only on ||Vg(:, w(T), #(T))|| o | V¥ || o> and p. Now using Theorem 12.10,
we deduce that there exists « and C’ only depending of p, ||g(-, w(T), u(T))||c1 and ||V ||c1/21 such that

!
IVullcago.rixr2y < C'-
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Step 3. The previous regularity of u is sufficient to guarantee the existence and uniqueness of a classical solution (use for instance
Theorem 9.7 and 12.22 from Lieberman, 2005). Moreover, classical arguments (see Cardaliaguet, 2018) ensure that when ||Vu||,, <
+00, then the solution of the Fokker-Planck equation u is HAflder continuous in time, i.e. there exists a constant C”’, only depending
on ||Vul|,, such that for any ¢, s

Wa(u(o), u(s) < C")t = 5|

Conclusion. By fixing C=C", the above discussion ensures that ¥[Q] C Q.

To use the Schauder fixed-point theorem, it remains to show the continuity of ¥. It is established by showing the continuity of the
maps composing V. In the following, we develop the argument for the first one, i.e. the one that associates w a static equilibrium
trajectory from y, and let the reader apply the same reasoning for the next ones. The argument is based on compactness and uniqueness
properties.

Let u, converging to u in C([0, T, P,(T?)). Let us denote by w, (resp. w) the static equilibrium trajectory associated to y, (resp. x). Step
1 and Arzela-Ascoli’s theorem ensure that w, belongs to a compact set of C([0, T] x T2, R +)- Therefore, there exists i and a subsequence
of w, (also denoted by w, for ease of notation) such that w, converges to @ uniformly. For any » and 1, G(T ™' (w, (")), u,(?)) = 0. The
continuity of T~! and G ensure that G(T~!(0(¢)), u(?)) = 0. The uniqueness of the static equilibrium established in Theorem 1 leads to
w = w. Therefore, every converging subsequence of w, converges to w. Meaning that the whole sequence converges uniformly to w.
To prove the continuity of the others maps composing ¥, we use the same argument where the compactness comes from the estimates
established above and the Arzela-Ascoli theorem, while uniqueness comes from the uniqueness of the solution of the HJB and Fokker-
Planck equation.

We conclude that ¥ is continuous and by Schauder’s fixed-point theorem that it admits a fixed-point corresponding to an equilibrium
in the sens of Definition 3.

A.4. Proof of Theorem 3

The proof of this result is simpler in the stationary case than in the time-dependent case. Let us point out which paragraphs are
simplified.
First, no time regularity is needed, therefore Lemma 1 should only be stated as below simplifying its proof:

Lemma 2. If (u,) converges to u in P,(T?), then the sequence of associated static equilibria converges uniformly to the static equilibrium
associated to u.

Second, in the time-dependent case, the HJB (when inverting the time) and the FP equation are parabolic-type equations; in the
stationary case, they become elliptic. Existence and uniqueness of classical solutions of the equations are ensured, as well as uniform
estimates for u and its gradient (see Gilbarg and Trudinger (1977) for instance). These results and the fact that P,(T?) is compact are
enough to reproduce steps 1, 2 and 3 of the proof of Theorem 2.

A.5. Proof of Proposition 1

Consider the Dirac measure u = §,0. The normalization [ wdu = 1 implies that w(x®) = 1. The static equation

70,077 w(y)
)a = d )
e T2 /][Z(W(Z)T(y, )0 du(z) Hy

collapses to the evaluation at y = x° and z = x°. The denominator becomes (w(x?)z(x?,x%)) 1= yielding

By definition,

w(x)

V(x,w, p) B
(frew@etx 201 du(z))

w(x)
w(x0)(x, x0)

o—1
_ 1 7(x%,x0)\ o
7(x,x9) \ 7(x9, x) ’
In particular V (-, w, 4) admits a maximum at x° and V' (x°) = 1/7(x?, x0).
The stationary HJB on the torus is

_Ivup
2¢

+pu=V(x,uw) on T2 (A.2)
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2
Set F(x,r,p) := —% + pr — V(x, u, w). Then F is continuous and proper (strictly increasing in r). By the standard comparison principle

for first-order discounted Hamilton-Jacobi equations (see, e.g., Bardi and Capuzzo-Dolcetta, 2009), any bounded upper semicontinu-
ous subsolution u and bounded lower semicontinuous supersolution v of (A.2) satisfy u < v on T2. In particular, (A.2) has at most one
bounded continuous viscosity solution.

Existence via Perron. Constants give barriers: let M := maxy V' (-, p, w) and m := miny2 V'(:, u, w). Note that M = V (x%). Then u_(x) :=
m/p is a subsolution and u, (x) := M /p is a supersolution (test with constants in the viscosity sense). Perron’s method (see Bardi and
Capuzzo-Dolcetta, 2009) in combination with the comparison principle yields a unique bounded continuous viscosity solution « with

mcu < M et (A.3)
P P
Moreover, by the coercivity of H the solution is Lipschitz and semiconcave on T? (cf. Bardi and Capuzzo-Dolcetta, 2009). Evaluating

the solution at x° gives
VY
P
ensuring that  admits a maximum at x.
Differentiability of u at x°. Because u is Lipschitz, it is differentiable a.e. and its Clarke generalized gradient at any point is the closed

convex hull of limits of Vu(x,) along differentiability points x, — x. Pick any sequence x,, — x° where u is differentiable. At each such
point the equation holds classically:

u(xo)

\vi 2
L%SQL=puwp—Vup.
0

By continuity of u and V and the identity u(x®) = ¥ (x°)/p, the right-hand side tends to 0, hence |Vu(x,)| — 0. Therefore every reachable
gradient at x° is 0, the Clarke gradient reduces to {0}, and u is differentiable at x° with

Vu(x%) = 0.

It ensures that y = 60 is a solution in the distributional sense of the Fokker—Planck equation.

A.6. Proof of Proposition 2

The proof closely follows Fujita et al. (1999), sections 6.4 and 6.5. Let

Yo(x) = po(x)wy(x)

T 1/(1-0)
%m=k/wvaMWH%mﬂ
-

x (A.4)
wy(x) = [R / Yo(y)Go(y)""]E"d(a"])"‘"y'dy]

z3

Vo(x) = wo(x)/Gy(x).

At the flat-earth equilibrium, we have f=1, w=1,¥ =1, and G = [R J; e74*~D*gx] /l=o, Totally differentiating (A.4) around
the flat earth, we obtain:

Yo(x) = fip(x) + wy(x)

Gy(x - F
S _ G"‘IR/ Wy (x + y)e= @Dy
G -
~o—1 T
_G 1R/ fig(x + et g,
° - (A.5)

G_n'fl z .
Wy(x) = TR/ Yo(x+y)e—d(a—1)\yldy

y4

c—1 ~;_ T ~ —d(o—
+ TG" 1R/ (Go(x + )/ G)e~ 4D gy
-

Vo) = [y(x) = Go(x)/G|G™".
Consider a sinusoidal solution to the system (A.5) of the form:
Y,(x) = 8y cos(kx),
Gy(x)/G = b cos(kx),
Wy(x) = 6, cos(kx),

Vo(x) = 8y cos(kx).

(A.6)
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where the constants 6y, 65, 6,, and 6, have to be determined. Introducing

F3
Z = RG°™! / cos(kx)e~ @Dl gx,

v

the system of Eq. (A.5) becomes:

8y =8, + by,
1

b6 =——25,+Z5,,

G = 1 5%% w (A.7)
08, = Zdy + (0 — 1) Zég.

8y =G (6, - 6g).

which gives:

Sy - 2)Z

A2 (A.8)
S, s+1+Z7

where s = (6 — 1)"!. When R is large, Z belongs to (0, 1) (Fujita et al., 1999, section 6.5), which guarantees that the ratio given by
Eq. (A.8) is positive.

A.7. Proof of Proposition 3

Define
2
—vk2 L
X1 = <gg;> M = ) |
v 2
—g vke+p

Then X'(r) = M X(r), whose general solution is
X(@t) =M X(0).

Since A(0) =6 s write

5
X0 = <B(/E))), M= () gy

Hence
ey, 6, + e, BO)
X(T) = < 119, tep >
ey 5,4 + ey, B(0)
and the terminal condition B(T) = 0 yields
ey 6, + ey B(0)=0.
Thus, if
en #0,
then there is a unique solution

BO)= -5
€

and hence a unique trajectory

6
— oMt "
X(t)=e <B(O)>’
solving the mixed boundary-value problem. A simple calculation of ¢eM” by diagonalizing M gives:
ﬁz—leAQT _ ﬁl—le/l]T
At =Byt

which is nonzero for almost any combination of parameters v, k, ¢y, 6y, 8y 0, T.

Y

5

€n =

A.8. Proof of Corollary 1

When T tends to infinity,
C 0, C 6,
e 2o K

Thus when the time horizon is large, the exponential e*!’ disappears from the solution, and A(f) goes to 5Me”, with 1=

L, 2 214 2 _ vk
2['0 \/p +4<vk + pvk 5”%)]'
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A.9. Proof of Proposition 4
We identify the one-dimensional torus T}Q with the interval [0, L) with L = 2z R and endpoints identified. Let f € P(T}{). We first
show that:
1
H[f]1= R

with equality if and only if f is the uniform distribution f,,;(x) := %
Applying the Cauchy-Schwarz inequality to the functions f and 1 we obtain:

2
(/ f(x)-ldx> s(/ f(x)zdx></ 12dx>.
LM T} 1!

R
Since [} f =1and [, 1 =L, we get:
R R
ISHUI'L = HIf12 1.

Equality in Cauchy-Schwarz occurs if and only if f is constant almost everywhere. As f is a probability density, the constant must
be % Hence, equality holds exactly for the uniform distribution.

Now, let (fi)ren C 73('I]'I'z)N converge to 5X0 in the sense of distributions. That is, for every continuous test function ¢ on 'I]'IIQ:
lim / [i(X)o(x) dx = @(x).
k—o0 Tlli

We want to show that lim,_, , H[f;] = +o0.
Let M > 0 be arbitrary. We will show that for all sufficiently large k, H[f,] > M.

1. Choose an open neighborhood U of x, such that |U| < ﬁ, where |U| denotes the Lebesgue measure of U.
2. Since f; — 6., weakly and U is an open set containing x,, we have:

Jim /U fix)ydx =68, (U)=1.

3. In particular, for ¢ = -, there exists K € N such that for all k > K:

1
2
1

/ fir(x)dx > =.
U 2
4. Apply the Cauchy-Schwarz inequality on U:

2
</ fk(x)dx> < </ fk(x)2 dx) -|U].
U U

5. Using the lower bound f,; f; > %, we get:

2
L AN oy 1
< (o) <([r)wr = [z
6. Since H(f;]1= [y f2 > [y f2, we conclude:

1
H —>M
[fk]>4|U| > M,

1
because |U| < o > M.

1
4U|
Since M was arbitrary, lim;_, , H[f;] = +co.

A.10. Proof of Proposition 5

We have, using (12) and an integration by parts using periodic boundary conditions:

/a*(t,x)~Vﬂ(t,x)dx=/ M-V;Z(t,x)dx:—i/ at, x)Afi(t, x) dx
Th T, o J1}

0

Now, by the linearized HJB Eq. (23), i = %(17 + vAii + 0,i1). We conclude by using Eq. (28).
A.11. Proof of Proposition 6

By Corollary 1, ji(1,x) = §,,e* cos(kx) and i(t, x) = /32—15,4&' cos(kx). By Proposition 2, V[,](x) = i—V ji(t,x). We conclude by using
M
Proposition 5.
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Appendix B. Extensions
B.1. Other monopolistic competition models

We consider alternative models of monopolistic competition (see, e.g., Helpman, 1998 with local ownership, Forslid and Ottaviano,
2003; Arkolakis et al., 2008; di Giovanni and Levchenko, 2013; Redding and Rossi-Hansberg, 2017, A§3), in which the equilibrium
wage equation takes the form

A, X)T(y,0)' 7

AW 20, 2! w(z)' " du(z)

w(x)” = w(y)d u(y). (B.1)

k7
T
Relative to the baseline specification, this introduces a spatial heterogeneity component, potentially dependent on the distribution
u. We assume that the heterogeneity function A is C!, Lipschitz continuous in both arguments, and uniformly bounded above and
below by positive constants.
This extension does not alter the core of the existence proof. One only needs to adjust the fixed-point operator and the bounding
constants. In the proof of Theorem 1, this amounts to replacing the operator f with

Ap, x)7(y, ) " w(y)
T2 [fp2 Alp, 2)(W(2)(y, 2))' =0 d u(z)
and modifying the bounding constants accordingly.

Similarly, in the proof of Theorem 2, the regularity assumptions on A ensure that the derivative D, G(u, 4) remains bounded in
the argument of Lemma 1 leading to the Lipschitz property of the application U defined in the proof of the lemma.

Slw)(x) = du(y),

B.2. Perfect competition models

We consider here perfect-competition models (e.g., Armington, 1969; Eaton and Kortum, 2002; Alvarez and Lucas, 2007; Allen
and Arkolakis, 2014; Redding, 2016), in which the equilibrium wage equation takes the form

A, x) t(y, x)'=°

A, 2) (r(y, ) w(2))' ™ dz

w(y) du(y). (B.2)

H(X)w(x)”

ST

We assume that the heterogeneity function A is C!, Lipschitz in both arguments, and uniformly bounded above and below by positive
constants.

In the proof of Theorem 1, the equilibrium is static, hence the distribution y is fixed. We therefore assume y € P(T%) n C'(T?) and
that it is uniformly bounded away from zero and infinity. Under these hypotheses, the structure of the existence proof is unchanged:
one simply adapts the fixed-point operator and the bounding constants. Specifically, replace the operator f by

Ay, %) T(y, )17 w(y)

Ay, 2) (2(y, 2) w(z)) ™0 dz

Sflwl(x) = du(y),

1 /
u(x) TZ/
T2

and adjust the associated upper and lower bounds accordingly.

For the proof of Theorem 2 (the dynamic problem), a bit more work is needed. Since Theorem 1 assumed y is uniformly bounded
above and below, we now require a priori bounds on u. These can be obtained from the Fokker-Planck equation provided the agents’
velocity field is bounded. To this end, we slightly constrain the dynamic problem by imposing an L* bound on admissible controls.
The individual control problem becomes

T
max [E[/ e (VX wt) — e(ay)) dt |,
0

a€ES

where, for instance,
S = {(“t)te[O,TJ progressively measurable : |¢| < @ a.e. on [0,T] }

Please note that for perfect competition models, the formula of the real wage slightly changes and depends on y only through w:

Vix,w) = w(x) . (B.3)

1
(fr2(w(2)r(x,2))!-°dz) ==

With this uniform bound on the drift in the state dynamics (together with v > 0 diffusion on T2), standard parabolic estimates yield
time-uniform upper and lower bounds on the solution u to the Fokker-Planck equation (Aronson, 1967). This delivers the required
a priori control on y and allows the dynamic existence argument to proceed as in the baseline case, with the fixed-point maps and
constants adapted to the perfect-competition kernel above.
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B.3. Infinite horizon problem

Another natural extension is to consider the infinite time horizon problem. The definition of an equilibrium in this case is:

Definition7. We say that a flow of distributions 4 € C!*(R, x T2, R) is a mean-field game equilibrium if there exists a value function
u € C2(R, x T?,R) and a trajectory of wages w € C(R, x T%,R) such that the following equations are satisfied in the classical sense:

|Vu|?
—0,u — vAu — - + pu = V(x,w(), u(®)), (B.4)
0
ou—vAu + cl div (uVu) = 0, (B.5)
0
-0
(¥, x) "Cw(t,y) u(t, dy = wit, x)°, (B.6)

12 [fra(wit, 2)7(y, 2)' =0 p(t, z)dz

completed with u(0) = y, and such that for any ¢

/y(t, x)dx = 1 and /w(t, xX)du(t,x) = 1.
From Theorem 2 it is possible to deduce

Theorem 5. There exists at least one mean-field game equilibrium in the sense of Definition 7.

Proof. The proof is based on the ArzelA -Ascoli diagonalisation argument.

Let us fix T, = n for any n € N*. For any n, let us note by (u,, 4,, w,) a mean-field game equilibrium associated to the game when the
terminal cost is 0 and the time horizon is 7,. Fix any N € N*. From the estimates established in the proof of Theorem 2 and ArzA©IA -
Ascoli’s theorem, we deduce that the sequence ((u,,. u,,, ,)),,> v is compact when restraining the time interval to [0, Ty ]. Let us consider
a subsequence of (u,, #,, w,), denoted in the same way for ease of notation, that converges on [0,Ty] to a triplet ", u,w™).
Repeating the process when the time horizon is 2N, 3N, ect. we deduce that there is a subsequence, also noted (u,, 4, w,), and a
triplet (u, u, w) such that

e u, converges to u in C%! on every compact.
e u, converges to u in CO(R,,P,(T?)) on every compact.
e w, converges to w in C° on every compact.

Therefore, (u, u, w) is a weak solution of (B.4)—(B.6): the Fokker-Planck equation is satisfied in the distributional sense, the HJB
equation is satisfied in the viscosity sense, and the static equation holds pointwise in Q. However, the estimates developed in the
proof of Theorem 2 allow us to use a bootstrap argument to increase the regularity of u and u leading to the result. O
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